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PEEFACE. 



The Authors have endeavoured to supply a want felt 
by students in Trigonometry when a list-of diiOSicult 
questions, having only a remote connection mth each 
other, is placed before them for solution. 

One question is worked out in ftdl, as a type, and 
others similar to it are given as examples for the 
student to solve without fiirther assistance. 

They cannot hope that their work will be found 
entirely free from defec^jboth in'exfecution and design, 

"i ' . ': ■■"•^ 

when subjected to a sey^re iriticism : still they have 

• • ", . «' 

done their best to be useful and accurate ; and they 
believe that the work will be a great help to many 
students who do not possess the advantage of a Tutor 
or Naval Instructor to assist them in the varibus 
difficulties that may occm*. 

They have aimed to make it, what its title implies it 
to be, a useful companion to any elementary work on 



EREA.TA. 

PAGE. 

35. Line 8 from bottom,^/* cos.^ reqd cos.' a?. 
49. Twice, jfcr Art. (5), read Art. (2), p. 47. 

60. Line 2, for — ^-^ , read . 

4 4 

60. Ex. 2, ^ — , reaJ +, in the rrdddle of the parenthesU, 

51. Line 4, /or + sin. (30 + B), read + sin. (30 - B). 

52 Line 6 from bottom, for sin. (36 + A) — (36 — A), 

read sin. (36 + A) — sin. (36 -- A). 

77. Bottom, for p. 70, read p. 69. 

79. Art. 13, /or A B F G, rearf Triangle E F G. 

The Authors regret to see that the name of Mr. Jeans 
has been inadvertently mis-spelt in several places. They 
would be glad to have any errors of the press pointed out 
to them which may have escaped their notice. 
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(A.) 



Sin. A . Cosec. A = 1 . . 


. . 1 


Cos. A . Sec. A = 1 . .. 


, . 2 


Tan. A . Cot. A = 1 . . 


. . 3 


Sin.' A + Cos.* A = 1 . . 


. . 4 


Sec.'A— Tan.»A = 1 . . . 


, . 5 


Cosec' A — Cot.'A= 1 . . . 


. 6 


COS. A 


. 7 


1 — Cos. A = Vers. A . . 

m, 


. 8 



(1). The following relations are obvious from 
the above formulae, simply by dividing — 



Sin. A=s 



tan. A = 



cosec. A 



cot. A 



; COS. A = 



; coi. A =: 



sec. A 

COS. A 

___^_ . 

sin, A 
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Sin. A '= >/ 1 — COS." A , and cos. A = ^ 1 — sin.^ A 



Sec. A = ^ 1 + ton." A , and tan. A = >/ ace.'* A — 1 . 



Cosec. A = >/ 1 + cot.* A , and cot. A = >/ cosec.' A — 1 . 



(2). Trigonometrical formulae can be fre- 
quently simplified by reducing them from frac- 
tional to integral forms; for this purpose, the 
formulae in Art. (1) are of great use. 



Eeduce —. — r r-r; TT to ^^ integral form* 

sin. A . c»8. A (1 — vers. A) 



Since cosec. A = -; — ~- , and sec. A = 



sin. A ' ~~ COS. A ' 

and 1 — vers. A = 1 —1 + cos. A ss cos. A, we have 
1 1 1 



Bin. A cos. A ( I — vera. A) sin. A cob,* A 



= coMie. A Mc.s A. 



the integral form required. (See Jeane's Trig., 
p. 6.) 

Transform the following fractions to integral 
forms : — 

1 1 2 - 



sin.' A COS." A ' ' sin. A (1 — vers. A) * 



cos 



.'A a/1 — cos.*~A' ' sin. A VI — sin,' A * 
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sin.. A 
5. 



(I — vers. A) a/ 1 — cos.* A 

COS. A 



6. -7 

sin 



.« A a/ 1 - co8.« A a/ 1 ^ sin.' A 



^ -'' tan. A . cot.* A >/ cosec* A — 1 

an integral form. 

Since cot. A = -7 — T^ % and tan. A = , — -- , afld 

tan. A cot. A 



Vcosec* A — 1 = cot. A ; 

1 

•:. 1 rn — /■ . ■ .J — -^ = wt. k tan" A tan. A » t»n^" A. 

tan. A . cdt.* A v c(mec.* A — :• 1 



Transform the following fractions into integral 
forms :— 

^ tan. A 



cot.* A, sec. B a/1 + cot.' B 



sec. A 
i2* 



sec* A, cosec.'B V 1 + tan.' A 



cosec. A 

(1 - vers. A)» Vl + cot.»B ' 



. sin. A, cos. A 

4. 



sec* A, cosec." A V 1 — tin." A 
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sin." A (1 — vers. B) • 
* (1 - vers. B)« V 1 +~cot;'»~B * 



^ COS." A V 1 — siu.' A 



sec. A tan. A cot.' A Vsec' A — 1 



AKSWBES TO AET. (2). 

1. Cosec' A . sec.^ A. 4. Cosec. A . sec. A. 

2. Cosec. A . sec. A. 5. Sec. A. 

3. Sec* A . cosec. A. 6. Cosec.* A. 

ANSWBES TO AET. (3). 

1. Tan> A, cos. B, sin. B. 4. Sin.* A, cos.' A. 

2. Cos.* A, sin.' B. 5. Sin.' A, sec. B, sin. B. 

3. Cosec. A, sec' A, sin. B. 6. Cos.^ A. 



(4). If sin. A = -^-, find the cos. A, tan. A, 
sec. A. 

Cos. A = >y/l-Bin.'A=:y/l--i- = |--/ir. 

^ , sin. A 1 8 ^/~2^ 

Tan. A = t— = — x .> .-^ = ^'—r- . 

cos. A. 3 ^ V 2 4 



Bee A = y/ 1 + tan.' A = y/l + -^= j^/T' 
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Given, — r- = cos. A, to find cosec. d?, sin. a, tan oe, 

^^^' ^ (Joane's Trig., p. 8. Q. 22.) 

Promthegivaneq. ^^iH--Bi°-*; 

cos. A 



.*. sin. X = tan. A. 



But, 


cosec. 


X = 


1 
sin. X 


1 
tan. A 


= cot. A ; 






, tan. 


so 


s 


sin. 

COS. 


X 

X ^ 


tan. A 



* 


tan. A 




\^ 1 •— sin. 


« a? "" Vl 


— tan. 


•A* 



^. sin. A COS. B COS. C sm. B ^-. , ^ . 

Given, =: — — • (Jeane'sTng. 

cosec. X tan. D 

p. 9. Q. 25.) Find sin. x. 



Since sin. x = 



cosec. X ' 



COS. C nn. B . . « ^ . ^ 

.*. no. « - -r y^ ., ^ =- ■» coiec. A tan. B cos. C. cot. D. 

tan. D sin. A coa. B 



(5). Given, — '- — = -r^— , find tan. .r, sin, jr, 

COS. X sin. X ' 

COS. «r. 



Since, 



sin. A cos. A sin. x cos. A 



COS. X sin. X* * * cos. x sin. A ' 
•'. tan^ X ^ cot. A« 
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But COS. » zz =: — : r - ss — 1 : m ii ■ 



and sin. cc s 



aec. flp 'v/l + tan.« a? Vl + cot.« A ' 
11 1 



cosea jy Vl + cot.* ^ </l -f tan.* A' 



The sec. .r, and coseo. ^r, and cot. a;*, may 
always be readily obtained from the Eqs., 
Art. (1). 

Solve the following : 

, ^. sec. A cosee. A __. _ ^ 

1. Uiven, = — . Find tan. x, Bin. a?, 

cosec. x 9ec. x 

and cos. jT. 

. tan. A cot. A xv j i. 

2. Given, — : = — ; . Pind tan. a?, sin. ar, 

cot. X tan. X 

and cos. «. 

cosec. A sec. A ^i- j x 

•i. ijiven, =. . Find tan. a?, sm. a?, 

sec. X cosec. a: 

I 

and cos. x, 

1 

4. Given, — : s= 4. Find cos. a?, sin. a?, tan. ar. 

sm. a? ' ' 



ANSWEES. 

1 1 

1. Cot. A, — r- ■■ —i^- ^rc- , — '; .11* * ■ » 

v'l + tan.sA' ^/l -f oot.» A 



2. ± cot. A, 



A^l -f tan.« A ' '•l + cot.« A ' 
3. The same as in (1). 

4 a/iT _1 1 



PLANB TBIGONOMETBY. 



(6). Given, ^^-°°''^ = sin. A. Find sin. x, 

coseo. a: 

COS. -T, tan. X. (Jeane's Trig., p. 8. Q. 23.) 

Since Vl — cob." A = sin. A, and sin. sc = ; 



cosec. a 



.;. sin. A sin. x =; sin. A ; 
.*. sin. 0? = 1. 



But COS. a? = ^i — sin.* or = Vl - 1 = 0, 



^ and tan. x = 



sin. X 



1 



COS. X 



= — = infinity. 



The expression (1 divided by zero is infinity) 
may require a little explanation. 



divided by 


1 


gives a quotient 


1 


»> 


1 

2 


» 


2 


>» 


3 

1 


99 


3 

1 i\ 


9> 


10 


99 


10 



99 



>9 



100 

1 



99 



99 



1000 
&c. &c. &c. 



100 



1000 



Hence, it is readily seen that the quotients 
increase as the divisors decrease ; and when the 
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divisor is very small the quotient is very large ; 
and when the divisor is an exceedingly small 
number, the quotient is an exceedingly large 
number ; and when the divisor is zero in the 
limit, then the quotient is infinity in the limit. 



1 

The cosec. x = -: = 1. 

8in. X 



sec. C6 = = - - =: inflnih^ 

COS. 0? O 



1 I 

cot. X = — = .-^ .7 = 0. 

tan. X infinity. 



Solve the following : — 



3 

1. Given, sin. x = - - . Pind cos. /r, tan. x, sec. x, co- 
sec. X, cot. X, 

9 

2. Given, cos. a? = -^. Find din. x, tan. x, sec. x, 

15 

cosec. Xy cot. X, 

3. Given, tan. x = 3. Find sin. x, cos. a?, cot. a?, sec. a?, 
cosec. X, 

4. Given, cot. a? = 4. Find sin. a?, cos. ar, tan. ar, sec. x, 
cosec. X, . 

5. Given, sec. a? =a 8. Pind sin. a?, cos. a?, cot. ar, tan. x, 
cosec. ar. 

G. Given, cosec. x ^ 2, Find sin. a?, cos. a?, tlin. ar, cot. ar, 
sec. ar. 
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ANSWERS. 



J 4 3 5 5 4 



5 ' 4 ' 4 ' 3 ' 8 



4 4 



5 ' 3 ' 3 ' 4 ' 4 



a/10 ' VIo ' 3 ' ^1<^ ' — 3~' 
4 _i 4_ J^ V17 ._ 

Vir ' ViT ' 4 ' -IT"' ^^^ ' 

m 

K ^ /-IT ^ a/'2^ o ^ — 3 . 

2 ' -y-' -T"'^'* • 5 • 



(7) If (^'°-* A + co8.« A) tan. C _ 1 

1 — COS. 0? cot. C 

sm. a?, COS. 0*, tan. .r, cot. *r, sec. .r, cosec. .r. 
(Jeane's Trig., p. 9. Q. 30). 

Since sin.« A + cos.« A =r 1, and tan. cot. C = 1 ; 
.*. 1 — cos. ar = 1; .% cos. a? =z 0. 



Sin. ip = V' 1 — COS.* or =s 1, and tan. 0?= 



Bin. a 1 



COS. a: 

=: infinity. 
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Cot. X = = = 0. 

tan. ^ innnity 



Sec. X = =:---- = infinity. 

COS. CO yj 



Cosec. ir= — : =z — - = 1. 

sin. X 1 



Since 1 — cos. x = vers, x ; /. vers, a? = 1. 



(8). Vers, ^r = — , ^ ! , ■ . Find the other 

^ '^ 1 — sm." A 

trigonometrical functions of x. 



TT n Sin.' A ^ o 1 

vers, ar 3= 1 — cos. x = — —7- = — tan.' A ; 

COS.* A 

.•. COS. a? = 1 + tan.' A = sec.^ A. 



Sin. a? = \/l — cos.' X = ^/l — sec* A. 

sin. X a/1 - sec* A_^ / I- sec. A 

Tan. X = = —T^ ^A/ 7-7 — . 

cos. X sec* A ^ sec.* A 



1 / sec* A 

ot. X = 7 = a/ :; 7-7 . 

tan. X ^ 1— sec* A 



Cot 



1 ^ • A 

Sec a? = = T-r = cos.' A. 

COS. X sec' A 



1 
Cosec X = 



sin. X ^1 — sec* A * 
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Solve the following problems : — 

1. Given, ^l-<^^'^ :=, _8in^ ^^^ ^^^ ^.^ ^^ 

Bin. A COS. A 

COB. a, tan. cp. 



Since ^1 — COS.* a 5= sin. a; .\ — : 



sin. a sin.* a 



sin. A COS. A 



Hence sin. a =s — r-— ;— = cot. A ; 

sm. A 



and COS. a = Vl — sin.* a? = v^i — cot.* A; 



WB. If cot. A 

and tan. w = 



COS. a •/! — cot* A ' 



2. Given, n cos. a = Vl + cos.* x- Find sin. x, cos. ar, 

and tan. x. Square and transpose. 

3. Given, a sin. a? = -: ^ * Find sin. x. cos. x, and 

sm, X 

tan. X, 
Multiply by sin. ^, and extract the square root. 



4. Given, a V I — • $in.* x « vers.* — 1. Find sin. ar, 
cos. X, and tan. or. » 
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ANSWEES. 



2. yZEZ.y_2_.y„._2. 

V ^« _ 1 » V ^2 _ 1 • V 

3- \/-f-' -v/-^' a/tV' 
4, ^r=T^+2?.«+-2.-^^5^lr. 



g Tan. A cot. A sec. A ^ sec^ ^^^^ ,3^ ^^^ ^g). 
^ 1 — vers. A cos. A 

= sec' A, from (2). (Jeane's 
Trig., p. 10. Q. 35). 

Prove the following : — 

(1 — vers. .A) tan. A cot A . 

2^ >2 J!_l ss COS. A. 

COS.* A sec* A 

COS. A (1 — vers. A) . . 

2. ^= — =: cot. A. 

COS.* A tan. A 

sin. A cosec. A (1 — vers. A) __ ^ ' 
COS. A tan. A cot. A » 



(10.) "^ sec. A ;+ 1 ^/ sec. A - 1 = Vsec* A — 1 . 

= N/tan?!. By 5. 

= tan. A. 
(From Jeane's Trig., p. 10. Q. 37.) 



, • -fi 
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Because the sum and dijfference of any two 
quantities, multiplied together, is equal to the 
diflference of their squares. Very important. 

Prove the following : — 

1, Vl — COS. A ^1 + COS. A c: 



cosec.A 



sin .* A (1 — vera. A) 

' Vl— COB. A '\/l+cos. A tan. A cot. A cos. A = sin. A, 



tan.' A, cot. A 
3, 



Vcosec. A— 1 Vcosec.+l Vi— vers. A sec. A = tan.' A. 



(11). Tan.' A — sin.' A = ^^lif-sin.' A. By 7. 

cos. xL 



=: sin.'Af-^ - 1 ). 
Vcos.'A / 



sin.'A 



(1 — COS.' A 
COS.' A 



R1TI A 

= — VT B"^-* -A.. By 4. 
cos.^A 

= tan.' A sin.' A. (Jeane'a Trig., p. 10. 

Q. 42.) 



Prove the following : 



sec' A — cos.' A , , . 

1. — r~ T"! — = tan.' A. 

1 + COS.* A 
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coseo.' A — sin.' A , , . 

2. — ^ '' T~i — cot. A, 

1 + sm. A 



sec* A COB. A A , A . A 

3. — : 1 — I — ; — — COS. A = tan. A sm. A. 

tan. A cot. A 



(12) . Express all the trigonotnetridal fiinctioiifl 
of A in terms of the cosec. A. (Jeane's Trig, 
p. 11. Q. 51). 



Sin. A = ^r • By 1. 

cosec. A '' 



Cos. A = a/1 — sin.*'* A. By 4. 



= v/~ 



cosec' A 



Vcosec' A— 1 



cosec. A 



sin. A -* .* 

Tan. A = r- . By 7. 

cos. A 



cosec 



cosec. A 

X 



TA Vcosec'A*-! •/cosec.'A— 1 



Cot. A = -; 7- . By 3 = Vcosec'A— 1 . 

tan. A 

1 -D a cosec. A 
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Vers. A = 1 — cos. A. By 8. 



__ ^ __ >/ cosec.^ — 1 

oosec. A 



cosec. A — Vcosec.^ — 1 
oosec. A 

Solve from 45 to 51. (Jeane's Trig., pp. 10 and 11.) , 

(13). Given, Vi _«« tan. a: = a. Find the other 
trigonometrical fiinctionB of x in terms of a. 



/• tan. X = 



•/ 1 - a^ • 



Cos. X = . Bv 'i. 

sec. X 



-7^==-=-. By 5. 
V 1 -f- tan.' X ^ 



\/i^i5- 



= ^/l-a^ 



-%/! - a^* -f- a' 
Sin. a? =s -/l — cos.»a? = a/I — 1 + a* = a. 



Cot. 0? = -^ = J^ii_n_?L. From 3. 
tan. X a 

« 1 1 

Sec. X = = . , y . From 2. 

cos. X V 1 — or 

Cosecjv = •-. = — . From 1. 

sm. X a 
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Solve the following, and find all the trigono- 
metrical functions of J*. 



I. n sec. X = V 1 -^ n^ . 



2. n .^^LtlSS'JJL = cosec.' *. 
Sin. a 



(1 — vers, a?) sec.' a? 
6 tan.' a cot. a 



J. *J sec. a? — 1 a/ sec. a: — 1 1_ 

tan.' X ^ 10 ' 



ANSWEES. 



1 n \ ^ Vl+n' 



1. . ■ , , — J- r , — , «, Z — . Vl4-«' . 



» n , V «'— 1 v«'— 1 



^- T'T^^ '-12-' ^^^ '-12-'^- 



4. 



'' .4Tf..io,^.^i,^^"^ 



VlOl ' VlOi ' ' 10 ' ' 10 
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(14). Given, sin.^ x + 5 cos.^ a? = 3. Find 
all the trigonometrical functions of x. (Jeane's 
Trig., p. 12. Q. 63.) 

Since sin.' a? = 1 — cos.' x. By 4. 

.•. 1 — COS.' X + 6 COS.* » = 3. 

\/~2~ 

Or, 4 COS.' a? = 2 ; ,'.2 cos. a? = V 2 ; .'.cos. x = . 

2 

Sin. a? = '/l — COS.' a: = \/ 1 — -^ = ^ , and 

sin. a? 
tan. X = = 1. 

COS. X 

The other functions are readily obtained. 

Solve the following : — 

1. 3 tan.' ic + 5 sec' x = 47. 

n 

2. 2 cosec' a? -^ 3 sin.' x = 



sin.' a 



1. 



ANSWERS. 
A/2r '2 a/2I~ 2 5 5 



5 ' 5 ' 2 ' '•2r' 2 ' V21 ' 



I. y/ —- — , v^ 1 — y/^ = sin. a?, 



3 

COS. X respective]}" 

c 
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(15). Given, tan-, x + cot. a? = 4. Find all 
the trigonometrical fiinotions of x. 

Since cot. x = — . By 3. 

tan. ss 

.*. tan. X + -T = 4. 

tan. X 

Or, tan." a? — 4 tan. a? = — 1. A quadratic. 

I 

Or, tan.' a? — 4 tan, a? + 4 =i 3 ; 

• *. tan. 0? — 2 = ± V3~; or, tan. a? = 2 ± v'T". 

(Jeane's Trig. p. 12. Q. 69.) 

The other functions may be readily obtained. 

Solve the following : — 

1. Given, sin. a: + 4 cosec. x = 2 n. Find sin. x. 

2. Given, sec. x •{• n cos. a? = 2 m. Find sec. x, 

3. Given, 4 tan. x cot. d? + sin. x •\- a cosec. a? = 0. 

Find sin. x, 

4. Given, tan a? + 12, cot. x =^ 7. Find sec. x. 

(From Newth.) 



ANSWERS. 



1. » ± V »' — 4 . 



2. m ± ^/ m* ^ n . 

3. - 2 ± >/ 4 - fl . 

4. ± Vlf; or ± a/Iu 
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(16). Given, sin. x (sin. x — cos. x) = m. 
Find sin. x. (Jeane's Trig., p. 12. Q. 70.) 

Sin.' 0? — sin. x cos. j? = w ; 

of, sin. X ^/ 1 — sin.* a = sin.* a? — w» ; 
.'. sin.' a — ain.* x == sin.* a? + w** — 2 w sin.' x ; 

. . 2 «i + 1 . « «'- 
• '. sm.' X — sin.' a? = — . 

2 ia 

From whicli quadratic we have — 

sin. ar = ± -^— \/ 2 i» ■+ 1 ± -v/l + 4 w — 4 ni^ . 

Solve the following : — 

1. Tan. X (tan. x — cot. ar) =: n — 2 — 2 tan. ar. Find 

sin. X. 

2. Cos. a? (cos. X + sin. a?) = 1. Find tan. x, 

7 

3. Sin. X + COS. a? = — (from Newth). Find cos. or. 

5 

4. Sin 0? — COS. a? = a. Find sin. a? and cos. x. 



1. 



ANSWEES. 
± n/T-1 



V n + 2 d: 2 V „ 

4 3 

2. 1. 3. -^ ; or -p- . 



4. Cos. 0? = 

2 



^. fl ± ^^2 - fl' 
Sm. a? = 



C 2 
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(17). Given, sin. .v + sin. y = m (1).| ^ind 

> sin. a, 

sin. Xy sin. y = n (2) . j sin. y. 

Square (1). Sin.^ x + 8in.'y + 2 sin. a: sin. y = wi'; 

.'. 4 Bin. ^ sin. y r= 4 ». 

.'. sin." X + sin.^ y — 2 sin. a?, sin. y = w* — 4 « ; 



.•. sin. 0? — sin. y = ± \/ ot*^ — 4 » . Add this io (1). 



m 



.•, sin. x =L — - i: -r->/ m^ — 4 n ; 



m 



.*. sin.y = "TT T o" n/ '''^ — 4 » . (Jeane'a Trig. p. 12. 
" ^ Q. 71.) 

Solve the following : — 

1. Given, cos. a? + cos. y = a. j 

> Fiud COS. 0? and cos. y. 

COS. 0? COS. y =: i. ) 

2. Given, a see. x-^h cosec. y = c. ] 

> Find sec.ar and cosec. y. 
sec. 07 cosec. y = cf . ) 

3. Given, 3 tan. a? + 4 cot. y=13. ) 

> Find tan. a: »aiid cot. y. 
tan. a cot. y = 3. ) 



1. Cos. a = 



ANSWEBS. 



2 



Cos. y = — T _ 

^ 2 
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- o c -^ ^ (^ — ^ abd 
2. Sec. X = = 

2 a 



_ ex. *^ ^ — 4iabd 

Cosec. y = — 2:— 



2 5 

3. Tan. a? = 3. 
Cot. y = 1. 



(18). Given, sin. .v + sin. y = a (1).) Fipd 

I sin. 0? 

cos.^o?— cos.^y = 6^ (2).j g^, ^^ 

From Newtb. 
From (2). 1 — sia} x — 1 + sin.^y = P; 

.'. Biii.-y - Bin." if = y. (3). Divide (3) by (1). 
Sin. y — sin. a? = — . Add this to (1). 



b^ a 

^"'•^ = 2^+ "2 



b' a 5» -h fl* 

2a ' 



.'. Sm. df=a — ;r~— "ir" = 



2a 2 ■" 2a ' 

Solve the following : — 

1. Given, cos. a? + cos. y = a. -j 

>Find cos. X and cos. y. 
sin.* 0? — sin.' y = J*. J 

2. Given, tan. x + tan. y = a. -j 

>Find tan. x and tan. y. 
sec* X — sec* y = ft. ) 

3. Given, cot. x — tan. y = «. 1 

V Find cot. x and tan. y. 
cot.* X — tan.'y ~ w. ) 
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1. 



2. 



3. 



ANSWERS. 

a^ - 52 fl^ -f 



2a * 2« 



2 fl * 2« 

W + 71* W — W^ 



2n ' 2n ' 



(19). Given, sin. .v = a sin. y (l).j ^^^^ 

f and 

tan. ^ = 6 tan. y (2). ) coa.y. 

(From Newth.) 



Divide (1) by (2) ; /. ^ = -j- ^ •^- ; 



a 
or, COS. a = - .— COS. y. 



Hence sin." a: •= a^ sin.'y ; and cos.* a? = — cos.*y. 

.". sin.* ar + Z»* cos.* ar = a^ (ain.*^ + cos.' 5^) = a'. 

/o^— 1 
1 — COS.* d? -f ** COS.* J? =5: fl' ; .\ cos. a? = -Y^ 3^ ; 



5 5 A'*- 1 

.\ cos. y = — COB. iT = — \/ ^^^ . 
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Solve the following : — 

1. Giyen, cos. a? = a cos. y. j 

> Find COS. x and cos. y. 
cot. a? = ft cot. y. ) 

2. Given, sec. a? = a sec. y. j 

I Find COS. x and cos. y. 
cosec. X :zz h cosec. y. ) 

3. Given, tan. x ^ a tan. y. r 

I Find tan. x, tan. y. 
sec. X = b sec. y. ( 



ANSWERS. 



1 \/ '''-'' ^\/^^^ 

2- Vi^— :r. «V-ir 



h^ — (^' V i«_a^ 






(20). Given tan. ^ = 3. Find the value of 

sin. B 4- cos. B 
tau. ^ 4- cot. B 



Since sin. 6 = = . — =—= 

cosec. B vl -f cot.^ B 

__ tan, g 3 

~ Vi + tanJS \/lO 
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Cos. e .= n/F- HiuTf = V 1 - ^^ =. -l^. 

a 1 

sin, g 4- coa . 6 _ ^/jj^ "*" ^\^ 3_ 4_ 

•'• tan. d +cot.6 "" i "" VlU * 10 

_ 3yio 

■" 25 

Solve the following : — 

^. _ tan. 6 + cot. 6 . 27 

1. Given, sin. =^ 4r. rind --— — . Ans. — - — . 

' * 1 — vers, e 8 

2. Given, sec. B = 4. Find + : — sin. d. 

cosee. 6 tan. $ 

Ans. 



3. Given, tan. d = 2. Find 



Vis* 

sin. d — 2 COS. fi + 1 



sec. 6 4- coaec. d — 1 
2 



Ans. 



3 v/5 - 2 ■ 



(21). Find the circular measure of 23 degrees. 

The circular measure of 180 deg. = 31116. 



» »» 



1 „ = 31416. 



180 

3 1416 X 23 



OQ — 



=: -40142. 
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EXAMPLES. 




1. 


Find the circular measure of 120 deg. 


Ans. 20944. 


2. 


74 ,, 


„ 1-2915. 


3. 


140 „ 


„ 2-4434. 


4. 


56 ,. 


„ ^rrss 


5. 


70 „ 


„ 1-2217. 


G. 


132 „ 


„ 2-3038. 



(22). Find the degrees in an angle whose cir- 
cular measure is 1'42. 

The degrees in an angle whose circular measure is 31416 

= 180 degrees. 

The degrees in an angle whose circular measure is 1 

180 
= ...... = 67-2957. 

31410 

The degrees in an angle whose circular measui'e is 1*42 

180 X 1-42 



31416 



= 81^21'. 



EXAMPLES. 

1. Find the degrees in an angle whose circular measure 

is 2-5. Ans. 143° 14'. 

2. Find the degrees in nn angle whose circular measure 

is 1-5. Ans. 85° 56'. 

3. Find the degrees in an angle whose circular measure 

is 4.3. Ans. 246° 22'. 

4. Find the degrees in an angle whose circular measure 

is 5. Ans. 286° 28'. 

5. Find the degrees in an angle whose circular measure 

is 6-2. Ans. 355° 13'. 

6. Find the degrees in an angle whose circular measure 

is 2. Ans. 114° 35'. 
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EXAMPLES UNDER THE FOBEGOINa 

ARTICLES. 

1 



1. Tranflform the fraction -: — : » / , ,^ 

81IL A, cosec. A V 1 — cos." A 

to au integral form. 

Ans. cosec. A. 

2. If sin. JT = n^ cosec. x. Find sin. x^ co0. x^ tan. jr. 

n 



Sin. or = ± «; cos. x = \/l— «» ; tan ar = ± 



VI -n^ 



3. Qifien, eot. x = tan. A. Find sin. x^ eos. jr, tan. x. 

«• cot. A 1 ^ . 

Sin. * = — 7-—^^ — =^; COB. arrz —,—^- ; tan. ir:=:cot. A. 

Vl -hcot.^A Vl -f cot.='A 



4. Given, sin. ir=— Vl— sin.*x,tofind8in.;r,co8. ;r,tan.ar. 



Sin. X = — >-= ; cos. x = — ; — --; tan. ar = -— . 
V 5 V 5 -^ 



5. Prove that cot.* A — coa ' A = cot.* A, cos.* A. 

6. Qiven, 2 sec. a? + cosec. x = -^ . Find sin. a?. 

sin. x^ COS. X 

Sin. or = -z- . 



5 



1. or = n COS. y. -j 

> Find sin. x and sin. ^. 
I. ^ = m sin. V.3 



7. Given, sin. a? = n cos. y. 
COS. X -=:. m sin. y 

«• . / 1 »' - 1 . ,/ i-«' 

SiD. a: = « V "i -;, sin. y = V "i ;^ 



PL^mE TfilGONOMETRY. 27 

8ri^ n Sin. A. 
, Iransform ; ~ - . 

(1 - verF. A) y/1 - sin.-^ A (1 + tan.-* A) 
to an integral form. 

Ans. sin. A. 

9. Given, 1 — - vers, a? = 5 cos.' a?. Find sin. ar, cos. or, tan. ar. 

2 -- 1 

Sin. ar = — \/ 6 ; cos. a: = — ; tan. ^ = 2 >v/ 6 . 

cosec. ^ 

10. Given, — = 2. Find sin. x, cos. a?, tan. ^r. 

sec. J? ' 

«. 1 2 1 

bin. a = —7== , COS. ic = — 7== , tan. a? = -r-. 
V 5 V 5 2 

11. Given, sec. ir =:. 3 tan. iT. Find sin. ar, cos. ar, tan. .r. 

c- 1 2 , — 1 

bin. ^ = -^ , cos. a: = 3 '^ ^ » tan. ar = 217^ ' 

12. Given, sin.' a: — cog.' ^ = "T" (sin.a? ~ cos. ar). Find 

sin. ar, cos. a:. 

S.n. a? = ; COS. a? = ; 



V 2 V 2 

or. __ ; or. -^-^ 



13. Given, tan. a? =: w tan. y, ) 

> Find tan. ar, tan. y. 
cot. ar = «« tan. y. ) 

;i 1 



14. Prove 



^ n m V n m 

w 

sec.^ A — cosec' A 



(sin. A ■— cos. A) (1 -f- sin. A cos. A.) 

= sec' A cosec' A. 
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15. Transform -: — -— ■- to an integral 

Bin. A sec. A tan. A cos. A form. 

Cosec.^ A COS. A. 

16. GlTen, tan a? = 25 cot. a, Find sin. s, cos. x, tan. x. 

R 1 

Sin. a? = ± — , -- cos. x = — 7— ^and tan. a? = ± 5. 

V2G v26 



17. Given, cosec. A = « sec. ar. Find sin. x, cos. ar, tan. x. 



Sin. X :=Wl"-n^ sin^A; cos. x =z n sin. A, 



X ^^ 1 — n^ sin.* A 
tan. X = : T 

n sin. A 



18. Given, sin. x cos. x = — -^, Find sin. a?, cos. x, tan. ar. 

Sin. a? = i — - — COS. > = ± — - — tan. ar = ± 1. 

2 • 2 

19. Given, sin. x + cos. y = ~ 

y Find sin. .r and cos. y. 
sin. a? cos. y = — 

Sin. ^ = -^ ; COS. y = j][^ ; 



or,^; or, ^ 

«^ ^ (sin.' A 4- COS.' A) 

20. Prove ^ ^^ — r^ -) 

(sec. A H- cosec. A) (1 — sin. A . cos. A'' 

= cos. A sin. A. 



21. Prove sec.^ A + cosec' A = sec' A . cosec' A. 
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22. Find the value of «""»+* <^''^- « 



a sin. d — i COS. B * 

a 



where tan. B = -r , (From Colenso.) 

a' + V" 



Alls. 



a' — 5' 



23. Eliminate from the equations 

m sec. ^ — tau. d = « cosec. d + cot. B = 1. 

w? + «' = 2. (From Colenso.) 

24. If sec. A + cosec. A = /;>, and sec. A — cosec. A = w, 



show that tan. A = 



fn — n 



and, (w'- — ny = 8 (w^ + w'). (From Colenso.) 



(B.) 



Sin. A=oos. (90 — A)=sin. (180 — A) 1. 

Cos. A=sm. (90 — A)= — cos. (180 — A) 2, 

From these equations corresponding expres- 
sions for tan. A, cot. A, &o., can be readily 
obtained by the formulae (A). 

Sin. A = — sin. ( — A) . - . 3. 
Cos. A = COS. ( — A) • ... 4. 

Two principles only are necessary to amplify 
these relations to an unlimited extent : — 

1st. By substitution of any angle for A ; 

2nd. By adding, or subljracting, four right 
angles, or 360 degrees, to or from A, 
the trigonometrical ratios, sin. A, 
cos. A, &c., are not altered in value. 
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(1). Illustration of 1st principle. 

In (1), substitute (90 — A) for A ; 

.-. sin. (90 — A) = sin. (180 — 90 + A). 

or, COS. A = giu. (90 -f A). Important. 

In (2), substitute (90 — A) for A ; 

.*• COS. (90 — A) = — cos. (180 — 90 + A). 

or, sin. A = — cos. (90 + A). Important. 

In (1), substitute — A for A ; 

• •. sin. (— A) = sin. (180 + A). 

or, sin. A = — sin. (180 + A). Important. 

In (2), substitute — A for A ; 

.*. COS. — A = — COS. (180 + A). 

or, COS. A = — COS. (180 -|- A). Important. 

(2). Illustration of 2nd principle. 

Add successively 360, or 2 r, to the an^gle in (1) ; 

. • , sin. A = sin. (2 ir + A) = sin. (4 « + A) 
= sin. (6 « + A) = sin. (2 » » — A), 

where n is any whole number taken from the series 0» 1, i^y 3, 

AAA successively 2 « to the angle in (3) ; 

•.• sin. A = — sin. (2ir — A) = — sin. (4ir — A) 
= — sin. (6 ir — A) = — sin. (2 w « — A). 

Hence sin. A = ± sin. (2 « ir ± A) • , . (1). 
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Add successively 2 v to the angles in (2) and (4) ; 

.'. COS. A = COS. (2 ir -f A) = COS. (4 » -f A) 

= COS (6 IT + A) = COS. (2 » » + A) ; 

and COS. A = cos. (2 » — A) = cos. (4 « — - A) 

=:C08. (6v — A) = cos. (2«» — A). 

Hence cos. A = cos. (2 w« ± A) . . . . (2). 

From (1) and (2) we have tan, A = ± tan. (2 « « ± A). 

(Jeane's Trig., p. 31. Q. 94.) 

(3). Find the sine and cosine of (± 64) degrees 
from the tables. 

Sin. 54 = Bin. (90 — 36) = cos. 36 = -8090170 "l By (1) 

} and (2) 
Cos. 54 = COS. (90 — 36) = sin. 36 = '5877853 J (B). 

Sin. (— 54) =— sm, 51 = —cos. 36=- -80901701 B^ (8) 

} and (4) 
Cos. — 54 = COS. 54 = 5877153. J (B). 

EXAMPLES. 

1. Find the sine and cosino of 81. Ans. '99452 and '10452. 

2. „ „ 75. „ '96592 and '25881. 

3. „ „ 85. M -99619 and '08715. 

(4). Find the sine and cosine of ± 106 degrees 
from the tables. 

Sin. 106 = sin, (180 — 74) = sin. 74 = sin. (90 —16) 

= COS. 16 = -96126. 

Cos. 106=co3. (180 — 74)=— cos. 74=— cos. (90—16) 

= — Bin. 16 = — -27563. 

These equations are obvious ^'rom (1) and (2) in (B). 
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S3 



Sin. — 106 = — sin. 106 = — cos. 16. 



) From (3) and (4) 



Cos. — 106 = COS. 106 = — sin. 16. ) ^ (B). 



1. Find the] 

sine and > ± 124. 
cosine of J 

2. M ± 138. 



3. 



t* 



>t 



± 172. 



EXAMPLES. 
Ans. COS. 34, — sin. 34, — gos.34j -^sin. 34. 

,s sin. 42, — COS. 42^ — sin. 42, — cos. 42. 
„ sin. 8, —COS. 8, — sin. 8, — cos, 8. 



(5) . Find the sine and cosine of ± 408 degrees 
from the tables. 

Sin. 408 = sin. (360 -f 48) = sin. 48 = sin. (90 — 42) 

= .cos. 42. 

Cos. 408 = COS. (360 + 48) = cos. 48 = cos. (90 — 42) 

= sin. 42. 

These equations follow from the 2nd principle, viz., adding 
or subtracting 360 to any angle without altering the sine 
or cosine. 

Sin. (— 408) = — sin. 408 = ■— cos. 42. | j-^q^^ (3) ^nd 
Cos. (— 408) = COS. 408 = sin. 42. ) (4) (B), 



EXAMPLES. 

1. Find the") 

sine and > i: 372. Ans. sin. 12, cos. 12, — sin. 12, cos. 12. 
cosine of J 

± 432. „ cos. 18, sin. 18, — cos. 1^, sin. 18. 

± 472. „ cos. 22, — ^sin. 22, — cos. 22, ^sin. 22. 

db 624. „ —cos. 6, — sin. 6, cos. 6, : — sin. 6. 

db 840. „ COS. 30, — ^sin. 30, — cos. 30, — sin. 30. 

± 1056.' „ —sin. 24, cos. 24, sin. 24, cos. 24. 

±5067. ,1 sin. 27, cos. 27, —sin. 27, cos. 27. 



2. 
3. 
4. 
5. 
6. 
7. 



>» * 



34 
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8. Find the] 

sine and V db 1307. 
cosine of j 

9. .. ± 704. 



10. 
11. 
12. 



ft 



»* 



tf 



± 805. 
d= 506. 
± 1405. 



— COS. 43y —sin. 43, cos. 43, — sin. 43. 

— sin. 16y COS. 16» dn. 16, cos. 16. 

cos. 5, sin. 5» — cos. 5, sio. 5. 

sin. 34, — cos. 34, — sin. 34, — cos. 34. 
— sin. 35, COS. 35, sin. 35, oos. 35. 



. (6). If COS. (90 — .r) = "°- ^^^^ ~ ^^ , then 

^ "^ ^ ^ COS. A 

sin. iT = tan. A. (Jeane's Trig., p. 28. Q. 75.) 

Since cos. (90 — a?) = sin. or, and sin. (180 — A) = sin. A. 

Trom (1) (B). 

sin. A 



Then sin. x = 



COS. A 



= tan. A. 



N.B. « 1= 180 degrees, except when circular measure is 
referred to. 

cosec. (180 — A) 

1. If sec. (90 — a?) = ^: 1 -. Show that . 

^ am. A 

sin. 0? = sin." A. 



COS. (180 + A) 

2. If tan. (90 — a?) cos. (90 + ^) = ^: r ^ 

van. A. 



C08.*A 



.:. COS. ar = -7 



sin. A' 



^ ^^ sec. (90 — a:) ,_ . , . tan. (180+ A) 

3. If -r — tt:^ f- COS. (90+ar) = - 



tan. (90— 0?) 



coBec.(180— A) ' 



/, tan. fl? = 



sin.'A 

COB. A* 
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4. Prove cos.(90-.)Bm.(90-.) 
COS. (90 + a?) sm. (90 + x) 

_ COS. (180 — A) Bin. (180— A) 
^ COS. (180 + A) sin. (180+ A)' 

(7). If 

8ec.(ir— a?)cos.( -^+ A) 

^-A2 / _ tan. f^ - a) sinY ' -x); 

sec (tt — A) \2 / \2 / 

.-. sec. a: = cosec. A X ^ — 1 • (Jeane^s Trig., 

p.28. Q.78.) 



U /A\ ^^S- (*— -^) COS. {-|-+ a) 

Bj (A). \ -^ / = cot. A COS. x, 

COS. (* — 0?) 

Since cos. (« — A) = — cos. A cos. I ^ + A j = —sin. A 

and cos. (v — a?) = — cos. a? ; 

COS. A sin. A cos. A cos. a? , . o . 

— ; .' . cos.*= — sin.^ A ; 






COS. a. sin. A 

or, sec' j; = — cosec' A ; /• sec of = cosec. A x */^. 

. sin. (90 — A) cos. (90 + A) __ cot. (180 + a?) 

sec (180 — A) cosec. (90 + A) "~ ton. (180 —a;) 

.\ cot.' 0? = cos.' A sin. A. 



^ ^^ sin. (180 + a;) COS. (180^ 0.) ^ ^ot. (90 - A) 
tan. (90 — a:) cot. (^ + a?) "" tan. (90 — A) ' 

Prove 2 sin. a?= /i _ 3 t^n,' A + vTTTtanTX, 
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/ 



tan. (180-^) tan.(-^+ *) ^^ ^^^ ^ ^^ 

3. it — — = — ; 

. / ff \ ^ ^ cosec. (90— A) 

Bin. (-^ — x) COS. (90 + ar) 

. ' . sin. X COS. a: = tan. A. 

4 If ?^ (??J~" ^)j!?*- (90 4- J?) sec. (90 + a?) , 
cot. (180 — A) cot. (180 + A) cos. x 

= — 1 -f vers, (r — ir) ; .'.cos. a? = — tan.' A, 

(8). Find sin. a? in 

sin. (t — a?) 1 1 — vers, f -^ + ^ ) | 
= COS." (90— a?) + 4 cos. (90— a?) + 8. 

Since sin. (« — x) = sin. x, and 

1 — vers. (— + a:)==cos, (-^+ ^) = — sin. a?; 

.• . — sin.* X = sin.* a? 4- 4 sin. a? + 8 ; 
or, sin.* a? + 2 sin. a? = — 4 ; 
or, sin.*^ + 2 sin. a: + 1 = — 3 ; .' . sin. x= — 1 qp ^/^, 
(Work from 85 to 90 in Jeane's Trig., p. 31.) 

(9). Prove sin. A=sin. | n ^+( — 1)*A } where 
n is any whole number from the series 0, 1, 2, 3, 
&c. (Colenso's Trig., p. 62.) 

By adding successively 2 » to Eq. (li (B), we have, 
sin. A =5 sin. (2 v + A) = sin. (4 ir + A) =- sin. (n w + A), 

■ 

where n is even. 
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Again, siu. A = sin. («• — A) ; 

.*. sin. A = sin. (2 ir + ir — A) = sin. (4 « + ir — A) 

= sin. (n V — A), where n is odd. 

Both of these results may be expressed by 

sin. A = sin. | nir + ( — 1)" A | where n is any num- 
ber taken from the series 0, 1, 2, 3, 4, &c. 

Since ( — 1)* is positive when n is even, and negative 
when n is odd. 

Prove from 91 to 100. (Jeane's Trig., p. 31.) 

(10). Find all the roots of sin. A = 0). 

Since sin. A = sin. < nir + ( — 1)" A I = 0. 

Then every angle determined from nv + ( — 1)"A = 
will be a root of the given equation. 

Hence A = — : -r-> where n must be taken succes- 

(-1)" 

sively, 0, ± 1, ± 2, ± 3, &c. 

Hence 0, ± «, ± 2 ir, ± 3 «, &c., are the roots of the 
equation sin. A = 0. 

Therefore, sin. A= A (»^ — A^) (2'* »* — A^) (3* ir« — A») 
&c., 

where C is independent of A, and is evidently the limit of 

sin. A. i_ • t • "i 
— - — , which IS unity. 
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...sin.A=A(l -^)(l —^) (1 -3^)&c. 

1. Prove that 
COS. A=:(l -_^)(1 ---^^J(l -.^^j,&c. 

Observe, when cos. A = ; .• , A = -r- . 

Again, cos. A = (cos. 2 ww ± A). 



— , .•. sin. A = 1, and — ^ = — 



&c., to infinityi 

ir (2»— 1) (4«— 1) (6^—1) 



2 2^* 4* 6^ 



I &c. 



ir 2« 4^ 6* ^ (2w)« 

• _— ___^__» y y , eke ^ 

' • 2 "^ 1-3 3-5 "^ 6-7 ' • (2w— l)(2n + l)' 

This is th6 celebrated theorem of Wallis for the calculation 
of v. In this article the circular measure is used for the 
angle A. (See Jeane's Trig., p. 107.) 



EXAMPLES ON THE FOEEGOIl^G ABTICLE8. 

1. Find the 1 

sine and I rt G9« Ans. cos. 21» sin. 2l> — -cos. 2t, sin. 21. 
cosine of J 

2. ,, db 170. I, sin. 10, ---COS. 10) — flin. 10>— coe.lO. 

3. „ ± 250. ,i -ssos. 20, --sin. 20, cos. 20, -~-sin. 20. 

4. „ ± 850. „ COS. 40» ^'-fiin. 40, — HM)8. 40, — -sin. 40. 
6. Prove that sin. A » cos.« (90 — A) see, (90 — * A). 

6. Find the sine and cosine of f — - — + A J . AnS. —cos, A, tin. A. 
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7. Find the 1 

sine and V db 72. Ana. cos. 18, sin. 18, —cos. 18« sin. 18. 
cosine of J 

± 154. t, sin. 26, -^cos. 26, —sin. 26| — cos. 26. 



8. fp 

9. „ ± 270. „ — 1, 0, 1, 0. 



10. „ ± 720. „ 0, 1, 0, 1. 

11. I, ± 800. „ cos. 10, — sin. 10, —cos. 10, — ^sin. 10. 

12. Prove that "Cos. A = sin.» (90 — A) cosec. (90 — A). 

13. Find the sine and cosine of (90 + A). Ans. cos. A, — sin. A. 

3 IT 

14. Find the sine and cosine of — - — • Ans. cos. 45, — sin. 45. 

4 

2 r 

15. „ >» . — 5 — • Ans. cos. 30, —sin. 30. 

3 

16. „ „ ( — - — — A J . Ans. — Kjos. A, — sin. A. 



17. Prove. { ^ - ^«". (90 - ±) } .ec. (90 ^ ,) , _ ^ 

COS. (90 — 4?) coscc. (190 — x) 



(C.) 



Sin. (A+B)=sin. A cos. B+cos. A sin. B . 1 

Sin. (A — B)=sin. A cos. B — cos. A sin. B . 2 

Cos. (A+B)=cos. A COS. B — sin. A sin. B . 3 

Cos. (A — B)=cos. A COS. B+sin. A sin. B . 4 

Tan. (A+B) = ^an A+tan. B _ 5 

1 — tan. A tan. B 



Sin. = 0, and cos. = 1. 
Sin. 90 = 1, and cos. 90 = 0. 
Sin. 180 = 0, and cos. 180 = — 1. 
Sin. 270 = - 1, and cos. 270 = 0. 
Sin. 360 = 0, and cos. 360 = 1. 

Sin. 60 = 2 V 3^, and cos. 60 = -g-. 
Sin. 46 =s COS. 46 =: - ^/'2"« 



Sin. 18 = -^ ( ^5-- 1), and COS. 18=y\/I±ZE 

See Art. (4). 
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(1). Let A = B, then 1, 3, 5 become — 

Sin. 2 A = 2 sin. A cos. A 1 

Cos. 2 A=cos.«A— sin.«A=2 coB.«A-l=l-2sin.«A 2 

2 tan. A 



Tan. 2 A = 



1 - tan.* A 



From (1) and sin.* A + cos.' A = 1, it follows, by 
addition and subtraction, and extracting the square root, 
that — 

2 sin. A = y 1 + sin. 2 A + \/ 1 — sin. 2 A • • 4 

2 cos. A = y 1 4. sin. 2 A — -/ 1 — sin. 2 A • • 5 

From (2) it follows that, 1 — cos. 2 A = 2 sm.« A . 6 

And 1 + cos. 2 A = 2 cos.' A .... 7 



From (3), by means of an easy quadratic equation, it 
follows that 

Tan. 2 A tan. A=± -/i +tan.^ 2 A— l=±8ec.2A— 1 . 8 



These formulae are true if -^- A be substituted for A. 
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EXAMPLES. 



1. Sec. a? = n. Find sin. 2 a?, cos. 2 se, tan. 2 a?. (Jeane's 

Trig., p. 45. Q. 206.) 

ca» rt rt • 2 sin. a? 2\/i_-co8 2 -r 
Sm. 2 ir = 2 sin. ir cos. a? = = li rrl-Jr 

sec. 07 sec. x 



v/i- 



w 



s 



2y^« 



n w* 

^ 2 2 — »* 

Cos. 2 0? = 2 COS.* a? — 1 = ;: 1 = 



sec* (c »* 

Tan. 2 :r = -^^^^^?^ = ?:!^ZEI. 
cos. 2 a? 2 — n^ 

2. Given, tan. a, Eind sin. 2 or, cos. 2 or. 

1 + w 

3. Given, sec. x = — ; . Find sin. 2 or, cos. 2 a?. 

1 — n 

4. Given, coeec. x. Find sin. 2 ^r, cos. 2 a?, tan. 2 a, 

5. Given, cos. ^r. Find sec 2 a?, cot. 2 a:. 

6. Given, sin. 30 = -^ . Find sin. 15, cos. 15. 

7. Given, sin. 60 = — x/'g". Find sin. 120, cos. 120. 

8. Given, sin. 45 = 1*--/^. Find sin. 22|, cos. 22^. 



* 

1 1 . ^ * 

9. Given, sin. (C ss — , Find sin, -^, cos. -^ . 
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30. Given, sin. hg ^ —r, Knd sin. 2 a?, cos. 2os, 

11. Given,sin.ir=-r-. Find sin.-7r-, cos.-;r--j sin.2a?,cos.2ir. 

5 2 2 



12. Given, sin. 0?=-^. 

13. Given, Bin.ir=^. 

14. Given, eo».d?=-^. 



15. Given,cos.ir=:-^. 



9f 9* 



» W 



» >» 



» » 



16. Given, cos. 2 a? = -^. Find sin.ir, cob.t, sin.4ir, cos.4r. 



1 

17. Given, cos. 30 = V'^/ 3 • -^^^^ ®"^- ^^> ^^^' ^^' 



3 . ^ ^ 

18. Given, cos. a? =k "• Find sm. -^j cos. 



4 • 2 ' " 2 

sin. 2 jT, COS. 2 w. 

19. Given, tan. a? = 6. Find tan. -^, tan. 2 a?. 



20. Given, tan, a? = 7. 



>f )> 



21. Given, tan. a? = ^Z 3 . „ 



j> 



22. Given, tan. J7 ss 2 a/ 2 « >9 » 
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«« T» o» * 1 — tan- A 
23. Prove, cos. 2 A = ~ — , 

' . I + taa.« A ' 

1 . .A 1 — COS. A 

and, tan.'— = 



2 1 + COS. A 



Since cos. 2 A = cos.' A — sin.' A 



tan.- A 1 — tan.' A 



1 + tan.' A 1 + tau.3 A 1 + tan.' A * 



^^ _ , A sm. A 1 — COS. A 

24. Prove tan. -r- = -; 7 = : — . 

^ 1 H- COS. A . sm. A 

Take the value of tan. — , and multiply numerator and 

A A 

denominator by 2 sin. — , and 2 cos. — , &c. 

A , A 

25. Prove cos. A = cos.* — — sin.* — . Eesolve into 

factors. 

26. Prove cot. A + tan. A = 2 cosec. 2 A. 

-r^ . A . . 1 , * sec.^A 2 

Cot. A+tan. A:=: r+ tan. A= 



tan. A tan. A 2 sin. A cos. A 

27. Prove sec. A cosec. A = 2 cosec. 2 A. 

^^ ^ sin. 2 oc COS. x , a 

28. Prove — • -1 = tan. -zr . 

1 + COS. 2 X 1 + COS. X 2 

^^ _ 2 sin. A + sin. 2 A . , A 

29. Prove -— . ^ , = cot.' — . 

2 sm. A— sin. 2 A 2 

30. Prove-— = -jr-fl + tan. -;r ) . 

1 -♦- COS. A -6 \ 2 / 
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3i. Prove cot. A — tan. A = 2 cot. 2 A, 

r^^ t^ ' . -^ tan. A 

32. Prove tan. -r- = 



33. Prove cosec. 2 A = 



2 1 + sec. A 

1 + cot.2 A 



2 cot. A ' 



34. Prove ± sec. A = 1 + tan. A tan, — . 

A A 

35. Prove 2 cosec. A = tan. -^ -f- cot. — . 

36. Prove cot. A — cot. 2 A = (josec. 2 A. 

cot.* A — 1 



' 37. Prove cot. 2 A = 



2 cot. A 



38. Prove — '—- = cot. -77-. (Jeane's Trig., p. 46. 

ver8.A 2 q 224.) 

sin. A ^sm.-g- cos. -y 2sin.^ cos. -^ a 

vers. A "" 1 — cos. A ^ . , A. ^ 

2 sm/ -^ 

39. Prove /' rr- = tan.'^-^. (Jeane's Trig., 

vers, (ir — A) ^ p, 47. q. 230.) 

„. . vers. A 1 — cos. A 1 — cos. A A 

Since ' —=- 7^=77 7= tan.^--, 

vers, (it — A) 1— cos. (ir— A) 1 + cos.A ^ 

40. Prove 8 cos. 2 A . cosec* 2 A 

= cosec' A sec. A — cosec. A . sec'* A. 

_ 8 cos. 2 A cos.^A — sin.^A 

8 cos. 2 A cosec.® 2 A = — . « r. " A — == ~ . a a TT 

sin.* 2 A sm.® A cos.* A 



. (Jeane's Trig.) 



sin.*A COS. A sin. A co8.*A 
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2. 



ANSWERS. 
2 tan. X 1 — tan.' x 



-^ I 



\-\'\,'&xi? X 1 4- tan/'* x ' 



4 V ^ (1 ^ ^) ^ (1 -. ny 
""' (1 + ny ' (1 -h 71)^ "~ ^* 



4. 



5. 



2 V cosec.^ a? — 1 cosec' a? — 2 2 \/ cosec.'* a? — 1 



, — , 



2 ^ ' ^r^a^r* '£ 



cosec. X cosec/ x cosec. x -^ :i ' 

1 2 COS.' a? — 1 



2 COS.' a; — 1 2 cos. a? >/ 1 — cos.V ' 



1 .— 1 

6. '25881 and -96592, '^^ Y ' "" T' 

8. i-/y/2- VT, Y V 2 + VX 

/4— v^lS^,^ /44- v'lS ,. a/is 5^ 

9. V 3 V • 10.^^,-. 

^ /5 — 2 v/T , ^ /5 + 2 Ve" , 4 , — 23 
"• V —15— V —IT- 25 ^ «• 25^. 



. l->v/8-8 ^T-.-l-V's +3 V7-,|^7-,|^. 



12- 4 



/lO — 3 V 11 / lO + 8 'v/ 11 3 Vli 4d 
^^- V 20 'V 20 ' 50 ' 50 • 



14. X 2', I 2 ' 2 ' 2 • 
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3 3 9 ^ 

17. \-y2 ^ ^~3, Y V 2 "*• ^^' 



18. 



2 

>/'2' a/I^ 3 VT 1 
~4~' V^ 8 ' 8 '8 



-,q±a/26-1 a on±S^^--l 1- 
19 _ . - 12 • ^^ tt , - 2^. 

oi ±2-1 - ±3-1 4 ^/-2' 

"•• V'H" ' ~ • ^ ' 2 V~2* "~ — 7 — • 

(2). Let B = 2 A; then 1, 3, 5, in (0) become 

Sin. 3 A = sin. A cos. 2 A + cos. A sin. 2 A. 

== sin. A (1 — 2 sin.^ A) + 2 sin, A cos,' A. 

= sin. A — 2 sin.' A + 2 sin. A (1 — sin.' A). 

= sin. A — 2 sin.' A + 2 sin. A — 2 sin.^ A. 

=: 3 sin. A — 4 sin.' A. 

(Important to remember.) 

Cos, 3 A = COS. A cos. 2 A — sin. A sin. 2 A. 

= COS. A (2 COS." A — 1) — 2 sin.' A cos. A. 

= 2 COS.' A — COS. A — 2 cos. A (1 — cos.' A). 

= 2 COS.' A — COS. A — 2 cos. A + 2 cos.' A. 

= 4 COS.' A — 3 COS. A. 

(Important to remember.) 

_ ^ ^ tan. A + tan. 2 A . . 3 — tan.' A 

Tan. 3 A = , —■ — z—r =tan. A . ;; — — — r--. 

1 — tan. Atan. 2 A 1— 3 tan.^ A 
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EXAMPLES. 

A A 

1. Sin. A = 3 sin. -^ 4 sin.' -3-, and 

A A 

Cos. A = 4 COS.* -^ 3 COS. -^. 

•J o 



2. Sin. 0? =-0-. Find sin. 3 a?, COS. 3 0?. Ans. ^p=-, — -~ — . 

8. Cos.a?=:-^. FindcoB.3^,8in.3a7. Ans. — TTr^y-^ •■■ ^ ~. 
5 125' 125 

sin. 3 A + cos. 3 A sin. 3 A — cos. 3 A ^ 
sin. A — COS. A sin. A + cos. A 

^ sm.2 3 A — COS.' 3 A ^ . • . „ * 

5. — ^-— -— — = 1—4 sm.« 2 A 

sm.' A — COS." A 

COS. 6 A 

= -r-r = 2 COS. 4 A — 1. 

COS. 2 A 

sin. 3 A — COS. 3 A sin. 3 A -h cos. 3 A 

6. — -: — 7 — ; — — -. — T T- = 4sin.2A. 

sm. A + COS. A Bin. A — cos. A 

. sin. 3 A + sin. A 

7. —7 T- = — cot. A. 

cos. 3 A — COS. A 

^ sin. 3 A 4- sin. A cos. 3 A — cos. A 

8. + ; — = 0. 

cos. A Bin. A 

^ sin.3 A + C0S.3 A « . « . 

9. -: — -: — + 2 sm. 2 A + 1 = 0. 

sin. A — COS. A 

,^ sin. 3 A 4- Bin. A . « . 

10- ^TT^. 7 = *an. 2 A, 

COS. 3 A + COS. A 
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,^ sin. 3 A . COS. 3 A ■. 

11» — : — 7 h r- = 4 COS. 2 A. 

sin. A COS. A 

^^ sin. 3 A COB. 3 A 

12. — ; 7 — = 2. 

Bin. A COS. A 

. « . cot. A (cot.« A — 3) 

13. cot. 3 A = — o \o . ^1 — ■ • 

3 cot.2 A — 1 

These properties are readily demonstrated by 
the formulae in Art. (5), together with the 
formulaB in Art. (1). 

(3). When the sin. 3 A is given to find the 
sin. A, the problem is one of considerable diffi- 
culty ; being the celebrated ancient problem of 
trisecting the angle. From Art. (5) we have : — 

4 sin.' A — 8 sin. A -f- sin. 3 A = ; 

. ^ . A sin. 3 A 
or, Bin.^ A — -7- sin. A + 7 = . . (o); 

which is a cubic equation in sin. A when sin. 3 A 
is given. The equation (a) is frequently used 
in the solution of the algebraical equation 
*r* + & »^ + c = 0. 

(4). To find the numerical value of sin. 36, 

Sin. 36 = cos. (90 — 36) = cos. 54 ; 

or, sin. (2 x 18) = cos. (3 X 18) ; 

/, 2 sin. 18 COS. 18 = 4 cos.' 18 — 3 cos. 18 ; 

or, 2 sin. 18 = 1 — 4 sin." 18. 
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From tliis quadratic we obtain 

— , COS. 18 = -;jr 'v -— — 



Sin. 18 = 

4 



EXAMPLES. 



1. Show that sin. 9 = ^ V ^^"^"^ ^ "" ^^"" ^ ^ / 

2. Show that cos. 9 = -^ ( y/^rVT"- v^5— V^Ty 

3. Show that sin, 27 = ~ ( v^sTTT— ^3-^/5") 

4. Show that cos. 27 = j- ^ ^/sTTT" + v^a— v^X y 



5. Show that cos. 36 = sin. 54 =-^ ( \/ 5 + 1 j 



(5). Prove sin. (30+B)+siii.(30-B)=cos.B. 

Sin. (SO + B) = sin. 80 cos. B 4- cos. 30 sin. B 

cos. B ^/~s~ . ^ . , 

= -I- sm. B . . , {a) 

2 2 

1 * V^'B" 

Since sin. 30 = -^ , and cos. 30 = 



2 ' 2 



Again, sin. (30 -B) = sin. 30 cos. B — cos. 30 sin, B 

cosJB^^A^^^^ j^ 

2 2 
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By adding, subtracting, multiplying, and 
dividing (a) and (6) various theorems will fol- 
low. Thus, if we add, we shall have : — 

Sin. (30 + B) + sin. (30 + B) = cos. B. 

r 

The following examples can be Worked by 
the same method as the above, observing to 
addj subtract, miJtiply, &c., as indicated by the 
example : — 

1. Cos. (30 - B) — C08. (30 + B) = sin. B. 

2. Sin. (30 + B) sin. (30 - B) = cos.^ B - — . 

4 

3. Cos. (30 H- B) COS. (30 - B) = cos.^ B -- — . 

4 

4. Tan. (60 + B) tan. (60 - B) = ~~^^^-. 

1 — 3 tan.* B 

5. Tan. (60 + B) - tan. (60 — B) = ^ ^^^' ^ 



1-3 ton.* B 



6. Sin. (60 -h B) - sin. (60 — B) = sin. B. 

(Jeahe's Trig., p. 46. Q. 219.) 

7. Cos. (60 + B) + cos. (60 — B) = cos. B. 

8. Sin. (60 +B) sin (60— B) =: cos. (30 4- B) cos. (30 - B). 

9. Cos, (60+B)cos. (60— B)=sin. (30+B) sin. (30— B). 

(See Colenso's Trig,, p. 65. Q. 4.) 

10. Sin. (45 + B) sin. (45 - B) = -i~ ^^s. 2 B 

= COB (45 + B) cos. (45 — B), 

11. Tan. (45 + B) tan. (45 -^ B) = 1, 
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,„ tan. (45 ->- B) + tan. (45 - B) ^^^^^ ^ t^ 
^^' tan. (45 + B) - tan. (45 - B) 

4 tan. B ^ j. oxi 

13. Tan. (45 +B) - tan. (45-B) = ^-^^^T^ = 2 tan. 2 B. 

4 tan. B _ . ^15 

14. Tan. (45+B) - cot. i'i&+'B)=^^Zi^^'^ 2tan.2B. 

l + tan.'B „ -T, 

15. Tan.(45+B) +cot.(45+B)= 2 j::^^^=2 sec. 2 B, 

16. Sin.' (45 + B) + sin.' (45 - B) = 1. 

17. 8iD.« (45 + B) = ~ (1 + Bin. 2 B). 

. 18. Sin.' (45 - B) = y- (1 - sin- 2 B). 

l-^cot^i45 + A)' ^ 2tan.A_ ^ ^^^ g A." 
■"• • 1 + cot.' (45 + A) 1 + tan.' A 

(6). Shew that, 

Sin.A+sin.(72+A)-8in.(72-A) 

=Bin.(86+A)-(86-A). (See Hymer'a Trig., p. 48.) 

Ist. Sin. (72 + A) = sin. 72 cos. A + cos. 72 sin. A 

= COS. 18 COS. A + sin. 18 sin. A 

- i- ■/ToTTvT . COS. A +-x('^^~ ^) ^^- ■*• 

4 * 

(see Article 4) ; 

.•.8in,(72-A)=-^^10+2>/ 5 cos.A-^(>/5'-l)sin.A; 
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.*. sin. (72+ A) - sin. (72-A) = 4" (-/T- l)sm.A. 

And, sin. A+sin. (72+A)-Bin. (72- A)= ^^^Wa (a) 

2 

/' 
2nd. Sin. (36 + A) = sin. 36 cos. A + cos. 36 sin. A 

= Jl. VlO-2 a/T". cos. a + i-( V"5'+ 1) sin. A. 
4 4 

(see Art. 4) 
and Bin.(36 — A) =-— v^lO— 2V'6- cos- A— -j ( a/5 + 1) Bin.A. 

4 IB 



Then, sin. (36+A)-sin. (36-A) =— (a/6+1) Bin.A. (h) 

2 



From (a) and (6) we have : — 

Sin. A + sin. (72 + A) - sin. (72 + A) 

= sin. (36 -h A) - sin. (36- A). 
(Euler's Formulaa of Verification.) 

By the same process the following properties 
may be proved : — 

1. Cos. A + COS. (72 + A) + cos. (72 - A) 

= COS. (36 + A) + COS. (36 - A). 

2. Sin. 3 A = 4 sin. A sin. (60 + A) . sin. (60 - A). 

3. Cos. 3 A = 4 COS. A cos. (60 + A) . cos. (60 — A). 

4. Sin.(72 + A).Bin.(72-A)4-sin>»A=^^ C^ ^ +^^' 
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(7) . Multiply 1 and 2 together, thus ; — 

Sin. (A+B) sin. (A-B)= sin." A cos.'B — cos." A sin." B. 

ss sin.' A — 8un.' B. 
= COS.* B — COS.* A. 

Multiply 3 and 4 together, thus : — 

Cos. (A+B) COS. (A — B)=cos.* A cos.'B — sin.* A sin.^B. 

= COS.* A — sin.* B. 
=; COS.* B — sin.* A. 



EXAMPLES, 

. 1. Sin. (A + B) sin. (A - B) + sin. (B + C) sin. (B-C) 

=s sin.* A — sin.* C. 

2. Sin. (A + B) sin. (A - B) + sin. (B + C) sin. (B — C) 

+ sin. (C -h D) sin. (0 - D) = sin.* A — sin.* D. 

3. Cos. (A + B) COS. ( A — B) — cos. (B + C) cos. (B — C) 

= COS.* A — COS.* C, 



(D). 



On the conversion of (sin. x + sin. y) into the 
product of two quantities. 

Take half the sum of the two angles, thus, 

-— — , and half the difference of the two angles, 
thus . 

2 

Then, sin. a? + Bin. y = 2 sin. — ;;— ^ cos. ^ . . (1) 

22 2 

This process is rf ike utmost imporianoe in solving 
trigonometrical problems (a) 

On the conversion of (sin. x cos. y) into the sum 
of two quantities. 

Take the sum of the two angles, thus »r + y, 
and the difference of the two angles, thus ^r — y. 

Then sin. a? COS. y = — f sin. (a?+y) + 8in. (a? — y)j . (2) 

The remark {a) applies with equal force to 
this process. 

An important principle in the application of 
the above two processes is, that the sine of an 
angle may be changed for the cosine of an angle, 
and the cosine for the sine : thus, 

Sin. A = COS. (90 — A). 
Cos. A = sin. (90 - A). 
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(1). Prove 

Sin. n a? + sin. (» — 2) a? = 2 cos. x sin. {n — 1) x. 

First, ^^■K^-2H^(2^^^^(,^1)^, 

2 2 

« , nx — (n — 2)ir 2 a? 

Second, ^^^ — = — - — = x, 

2 2 

.'• sin. n X -^ sin. (n — 2) « = 2 cos. x sin. (n — 1) x. 

Solve the following examples : — 

1. Sin. 2x + sin. 4 a? = 2 sin. 8 a: cos. x. 
8. Sin. 6 a? + sin. 3 or = 2 sin. 4 a? cos. ar. 



2. Sin. a: + sin. 2 a? = 2 sin. — :; — cos. <^ . 



. «. a?+y . a? — V . a? V 

4. Sin. — — ^ + Bin. — --^ = 2 sin. — cos. —-. 

5. Sin. — h sin. — - — = 2 cos. -zr-. 

2 2 2 

6. Sin. 3 « + sin. a? = 2 sin. 2 a? cos. ar. 

7. Sin. X + sin. 6 a? = 2 sin. 3 a? cos. a?. 

8. Sin. nx — sin, (« — 2) a? = 2 sin, x cos. (n — l)x. 

The expression 

Sin. fi« — sin. (n — 2) a? :=: sin. na? + sin. (2 — «) a?. 

Then proceed as above. See (B.) 

9. Sin. Sx — sin. x sz 2 sin. x cos. 2 a?. 
10. Sin. 5x — sin. a :^ 2 sin. 2 x cos. 8 x. 
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11. Sin. (ir — a?) — Bin..(» + a?) = 2 sin. a?. 

12. Sin. (a? + y) — sin. (a? — y) = 2 cos. a? sin. ;/. 

13. Sin. a? — sin. 5 a? = — 2 sin. 2 x cos. 3 a?. 

14. Cob{o+(2ii— l)*)-^cos.{a + (2n+l)*}=•2cos.xco8.(fl+2»«"). 

Observe, that co8.{a + (2ii—l)d?}=8in.{90—fl—(2n~l)^},&c. 

3 a? a? 

15. Cos. a? + cos. 2 a: = 2 cos. —^ cos. — • 

(y \ y 
a? + ~-\ COS. -^ 

17. Cos. 3 a? + COS. ar = 2 cos. 2 a? cos. a?. 

18. Cos. ^ cc -{• cos, 3 a? = 2 cos. 4 a? cos. a?. 

19. Cos. {x -Y y) + COS. (a? — y) = 2 cos. a? cos. y. 

20. Cos. (x + 2y) + cos. a? = 2 cos. (a? + y) cos. y. 

21. Cos. n a? + cos. (n — 2) a? = 2 cos. (w -— 1) a? cos. a:. 

22. Cos. {fl + (2n— 1)*}— co8.{a + (2n+l)47}«28in.«8in.{o + 2iiaj } 

Obierreyl^t 
C08.{a + (2n + l>)-8m.{90-fi-(2tt+l)ar}=— 8in{a + (2n + l>r— 90) 

23. Cos. 3 a? — cos. a? = — 2 sin. 2 a? sin. af. 

y — 3af . a?4"3y 

24. Cos. (2 a?+y) — coB.(a?— 2 y)=2 sin. *" sm. ■■ ■ ' > 

25. Cos. a: — cos. 5 a? = 2 sin. 3 a? sin. 2 x, 

26. Cos. a? — cos. (a? + 2 y) = 2 sin. (ar + jy) sin. y. 

2 a? 4 a? . , a? 

27. Cos. — C09. — - — = 2 sm. a? sm. -g-. 



58 PLANE TBTGONOMETRT. 

28. Cos. fj — COS. a? = 2 sin. -— ^ sin. . 

^ 2 2 

29. Cos. (a?+y — jr)— COS. (a?+y+i»)=:2 sin. (^+y) sin. z. 

(1 \ . ^ 
n — "o")^ sin.—. 

31. Cos. (w^r— wy)— cos. («a?+wy)=*2sin. wa?sin. wy. 

32. Cos. a? — COS. 7 a? = ? sin. 4 x sin. 3 ar. 

(2). The object here is to change the product 
of two trifironometrical fanctions into the sum 
or diflFerence of two trigonometrical functions. 

1. Prove sin. 3 arcos. a? = — (sin. 4 a? + sin. 2 x), 

9 

Add the angles, thus, 3 a? H- ar = 4 ar. 
Subtract the angles, thus, 3 ir — a? = 2 ar. 

.*• Sin. 3 X cos. ^ = y (sin. 4 a? + ain. 2 «). 

2. Sin. 5 X cos. 3 0?=— (sin. 8 a? + sin. 2 or). 

8. Sin. 4? cos. y = v^®"^' (^ "+" ^^ + *^®- (^ "^y)} 



4. Sin. • ^ '^ cos. — ^ = -^-(sin- ^ + ^^' V)- 

2 J ^ 

5. Sin. (a? + y) cod, 4? -^ sin. <r cos. (4? + y) = sin. y. 

(Jeane's Trig., p. 46.) 
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6. Sin.njrcos. (n—I)a?— siq.-^-cos.-^ » i-{Bin.C2n-l)jr-8in. 2 jr.] 

f . Sin. 6 a? Bin. X'=, — (cos. 4 a? — cos. 6 ar). 
Ohaeire, that sin. x == cos. (90 — or). 

8. SiiL 2 d?sin. * ="^ (cos. ^i? — cos. 3 a?.) 

3 ^ /p J 

9. 3ip. — ^ — sin. "2" = "o^ (cos. ^ — cos. 2 4?). 



10. Sin. «a? sin. («-2) x =.— {cos. 2a? — cos. (2« -2) ar.} 

2 

1 

11. Sin. a? sin. y=-^ {cos. (^r-y)— cos. (a?+y).} 

12. Sin.a?sin. (24?+y)=:— {cos. (a?+y)— cos. (3ir4-y).} 

18. Cos. 3 X cos. ^^'^ (cos, 2 a?+ cos. 4y). 

Observe, that cos. 3 a?=:sin. (90—3 a?). 
14. Cos. 5arcos.d?s=— (cos. 6a? + cos. 4 y). 

13. Cob. % x pos. («— 2)a?:^ vp {cos. (2 n — 2) iv + cos. 2 a?. } 
16. Cos. «cos.ys=— {cos. (a? -f y) + cos. (ar— y).} 

(3). Combining the above two processes by 
addition, subtraction, multiplication, division, 
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&c., as indicated by the problem, the following 
properties will present but little difficulty. 

1. Prove, sin. — h am. — - — staii. a?! cos.-^ +cos.-^ ) 

(Golenso's Trig.) 

And COS. + COS. — - — = 2 cos. a? cos. -r-". 

3 3 3 



• 



Divide, and the property is obvious. 
2. Sin. a?+sin. 3 a?=tan. 2 x (cos. ir+cos. 3 a?). 

8. Sin. a?+sin.y=tan. — —^(cos. a?+cos.y). 

4. Sin. X + sin. 6 a? =^tan. 8 x (cos. x + cos. 6 x) . 
6. Sin.a?+sin.3a?+sin.5 a?s=tan.3a?(cosur+cos.3a?+cos.5a?) 
Add sin. 3 a? to sin. a?-f sin. 6 a?=2 sin. 3 x cos. 2ir, Ac. 

6. Sin. a? + sin. 4 a: + sin.7a:=s: tan. 4 a7(co8.a? + cos.4ar + coB.7a?) . 

7. (Sin. ap-f-sin. 5 a?) (cos. a?+cos. 5 a?)=Bin.6 a?(cos.4 a?+l). 

8. (Sin. a? + sin. 7 a?) (cos. x + cos. 7 a?) = sin. 8 a? (cos. 6 a? + 1). 

9. Sin.(a?+y) +sin.(a?— y)=2tan.a?{cos.(a?+y) + C0B.(a?— y) } 

10. Sin. X — sin. 3 a:= cot. x (cos. 3 a? — cos. a?). 

a? '4' f/ 

11. Sin. X — sin. y ==: cot. ' (cos. y — cos. ar). 
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12. Sin.6^+flcos.8;p— Bin,a?=cot.3ip(cos.a?-f-flsin.3d?r*-coB.5ip), 

13. Sin.7a? + flcog.4a? — Bm.a?= cot.4uf (cos.d? H- a8in.4a?— cos.7a?); 
14 (Sin. 5x — sin. x) (cos.5 a?— cos. iF)=:Bin. 6ii?(cos. 4ar— 1). 

15. (Sin. 7a?—8in.a?) (cos.7a?--cos.a?)=Bin. Sir (cos. 6 a?— 1). 

16. Sin.(a?4-y)-8in.(a?-— y)=cot.a:{cos.(a7--y)~cos.(^+y) } 

17. Vers. (-^ a?W vers.f-^— + a)=:2, 

(Jeane's Trig., p. 47.) 
= 2«icos.r-^_^)+ cos.f^^ +;.U. 

= 2 — 2 cos. — - cos. ( .— 0?), 

2 ^m—n 2 ' 



= 2 ; Since, cos. -^ = 0. 

2 

18. 2 vers. — ^ . vers, ''—^ = vers, (tt - a?.) 

(Jeane's Trig., p. 47.) 

20. Cos.* (« H- y) —COS. (2 0? + y) cos. y = sin.^ ;r. 

(Jeane s Trig., p. 46.) 

_ 14- COS. 2 (a? + y) cos. (2a? + 2.y) + co8.2 a? 
2 2 



1 — COS. 2d? . - 
= Sin.' a?. 



2 

21. Sin.' (a? + y) + cos. (2 a? + y) cos. y = cos.' a;. 
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22. Cos.' (a? + y) + sin. (2 * + y) Bin. y = cdB.* a?* 

23. Sin.* (4? + y) — ein. (2 a? + |f) sin; jr « sin.* ar. 

24. Sin. (of+y) ain. (ar— y)=— (cos. 2 y — cos. 2 x). 

=co8. 'y — COS. ^x I (jeane'sTrig., 
=sin.*d? — sin.'y. ) P* ^'^ 

25. Sin. (ar+y) sin. (a?— y)=C08.*a? cos.'y (tan.* jp— tan.*y). 

(Jeane's Trig., p. 47). 

26. Sin. (a? +y) sin. (x — ^y) zrsin.' or sin.* y (cot.* y — cot.* x), 

27. Cos. (or +y)cos. (a?— y) = -^ (cos. 2 ;i? + cos. 2 y) . 

= COS.* 0? — sin.* y ) ( jeane'sTrig., 
= COS.* y — sin.* x ) P* ^^'^ 

28. Co8.(a?-|-y)cos.(j?— y)= sin.* a? cos.* y (cot.* a? — tan.*y). 

29. Sec.(45+ar)sec.(45— ir)=2sec.2a?. (Jeane's Trig., p. 46.) 

_ 2 

"" 2 COS. (45 + a:) cos. (45— a?)' 



cos. 90 + cos. 2 X 
2 



_ - = 2 seci 2 ar. 

cos. 2 a; 

30. Sin.(ar+y)sin.(y +«)=sin.a?8in. ar+sin.ysin (ar -I- y -f z). 

Convert these products into sums, op differences, and 
add : 

31. Cos. (ar+y) sin. (a?— y)+cos. (y+«) sin. (y— a^) 

+ cos. («+t?)sin. (« — r) +COS. (» +a?) sin. (o— a?)=0. 
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(4). Miscellaneous examples depending upon 
the combination of the processes explained and 
illustrated in the preceding three articles : — 

1. Prove, sin. (a? + y) = sin. a? sin. y (cot. x + cot. y). 

(Jeane's Trig., p. 43.) 

Since, sin. (:r + y) = sin. x cos. y + co8. x sin. y. 

/sin. X cos. y + cos. x sin. y\ 

= sin. 0? sm. y ! — ^ — r-^^ : ^ J. 

^ sin. X sin. y ' 

== sin. X sin. y (cot. x + cot. y). 

2. Sin, (d? — y) = sin. x sin. y (cot. y — ^ cot. a?). 

3. Sin. (a? 4- y) = cos. x cos. y (tan. a? + tan. y). 

4. Sin. {x — y) = cos. x cos. y (tan. a? — tan. y). 

^ sin. (x 4- y) sin. (a? — y) 

5. . . '^^ + ^^ — = 2 cosec. 2 a?-f 2 cot.2y. 

sm. or sm. y cos. x cos. y "^ 

^ s in, {x - y) sin, (y — g) sin, (g — a?) _ 
sin. or sin. y sin. y sin. sin. jp sin. x "~ 

^ (Jeane's Trig., p. 47.) 

sin. (^ 4-y) sin. (y + 2;) sin. (a? — z) 

y ^ ■ ■ ■■■ ■ -A- — ^ — _ -»— fi 

sin. ir sin. y. sin. y sin. z sin. a? sin. ;? 

8. Bin.2(j? 4- y) 8in.2(j: -• y) . sin.^ (y + z) ain.g (y - z) . sin.2 {z + g;) sin.2 f;g - ai) 



sin.^ J7 sin.^ y 



^ COB. (a? + y) . COS. (i»? — V) 

9. -r-^^ ~ -f , '^ = 2 cosec. 2^+3 cot. 2y, 

Bin. X COS. y cos. a; sin. y ^ j^ 



64 PLANE TBIGONOMBTRY. 

(5). Prove 

Bin. 0? 4- sm. y 4 sm. «? = 4 sin. — - — Bin. — - — Bin.^ 

^* •■ AM 

+ sin. (a? + y + 2), (From Wriglej.) 

^ . x + t/ , x-hz , y-t-z - . x^y/ x + v + 2z x-v\ 

4 sm. -—-sm. —-im, — - = 2sin. -— - 1 — cos. 5 + cos. — — 1 

— a? — V x-\-y-\-2z , _ . a? + v :p — y 

3= 2 sin. — - — - COS. h 2 sm. — ~- cos. — —=- 

2 2 2 2 

= sin. 2? — sin. (a: 4- y + 2?) + sin. a? + siu.y. 



Wrigley and Piatt have solved this question 
by resolving the sums of the sines into pro- 
ducts. The above method is by resolving 
products into sums. 

x + y x-^z y-i-z . . 

1. 4 COS.— ^-^cos.—r- cos, -— wcos. x + cos. y + cos. z + cos. (jt + y + z), 

i tL *t 

2. 4 sin. X sin. y sin. a? = sin. (y 4- j? — a?) — sin. (a? +y;+ 2?) 

4- sin. (a? ;f y — 2J) + sin. (a? 4- i? — y) . 

3. 4 COS. 0? COS. y COS. 2? = COS. (a? + y + i») 4- cos. (y 4-2; — a?) 

4- COS. (« + y — 2?) 4- COS. (a? 4- 2; — y). 

(From Colenso.) 

From these four questions a great variety 
of properties will readily follow by putting 
»v+y+^=180, and a?+y+;3^=90, and a7=y=3:, 
respectively. 
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(6). Prove — 

Sin. (pB + y -{- z) = sin. x cos. y cos. z + cos. a? sin. y cos. z, 
+ COS. X COS. y sin. ;:; ~ sin. a? sin. y sin. ^r. 

Since sin. (a? + y + a?) = sin. ] (^ + y) -h « [ 

= sin. (x 4- y) COS. z + cos. (^ + y) sin. a?. 

Multiply the developments of sin. (a? + y) and 
COS. (a? + y)> and the property is obvious. 

1. Cos. (a?+y+;»)=cos. a? COS. y cos. z — sin. a? sin. y cos. z, 

— sin. or cos. y sin. ;? — cos. a? sin. y sin. z. 

It readily follows from these two properties, 
that — 



^ Sin. (a:+j/-\-z) 



+tan. 0? tan.y tan.«=tan.d?+ tan.y + ton. ;r, 
cos.a?coB.ycos.2? (j'rom Wrigley.) 

Sin. (a?4-yH-^) 

3. -; ; : — + l=cot.a?cofc.f/-f-cot.a?cot.«4-cot.ycot.2?. 

sin.a? sm.y sm.« 

Cos. (x-\-y-^z) 

4 -_ ; — :__ ^^jqIj a?4-cot.y+cofc. 2f=cot. orcot. y cot. ar. 

8m.a; sin.y sin.« ^ (j.^^^, Wrigley.) 

(7). Prove — 

„ , . . tan.:r+tan.y-}-tan.«— tan.artan.y tan.2f 

Tan. (^+y+«)=7—: — ^^ — : 7 -^ — . 

1 — tan.ortan.y— tan.ar tan.2>— tan.y tan.« 

(Jeane's Trig., p. 47.) 
Since tan. (ar + y -I- ar) = tan. < (^ + y) + » !• 

__ tan, (x -\- i/) -f tan, z 
l— tan. Qc + y) tan. z ' 

Put in this formula the value of tan. (a? + y), 
and the property is obvious. 

F 
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Prom the questions in Articles (6) and (7) 
various properties may be readily derived, by 
putting respectively a?+y+^=180,a?+y+;s^=90, 

(8). Prove— 

m ^ ^N * sin. X 

Tan. (n + 1) a? — tan. w a? = ; — -r" • 

COS. no? COS. («+l)a? 

(From Hymer's Trig.) 

^ ein. (n-hl)a ? sin, n x 
"^ cos. («+l)a? COS. n a? ' 

sin.(n-f l)a?C08. wa?— cos.(;iH-l)a?8in.«a? 
cos.«a?cos. (n+l)iP 

sin, a? 

"" COS. n OS COS. (n4- 1) a: * 



1. Cot. (n-l-l)fl?— cot. «a?=— — : — . ^ . ^, . 

sin. na?sm. («+l)a? 

(9). Prove— 

Tan. (a?+y) (sin. a? cos. a:+sin.y cos.y)=sin.'a?— sin.'y. 

^. . , ^ 2sin.(a?+y)sin.(ir— y) C08.2y— co».2a? 

Since tan. (a?+y)=- ; ^^: . ) — ^= -r— ;r ^"^T 

"^ "^ 2cos.(a?-fy)sin.(ir— y) sin.2af— Bm.2y 

_ 1 — 2 sin.'y — 1-f 2 sin.' a? 
"^ sin"2ap — sin. 2y 

sin.' a? — sin.'y 



sin. a? COS. a? — sm. y cos. y 

1. Tan. (a?— y) (8iii.a?cos.a?+8in.ycos.y)=iin.'a?— «in.y 

2 f sin.' 1 — —Bin.' — I — j 

2. Tan. (4?+y) = 



sin. (a? + y + «) — sin. {x -¥ y '- ») 



1 + coa.a? -h co8.2.t? H- cos.3a ? 2 co8.'a? -h 2cos.a;co8.2a ?_ 
2 C0B.2 fg -I- cos.a?— 1 "" C0S.2 a? H- cos.a? "" 
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(10). Prove- 



CS 1 i X X- \ 

1 +tan. X tan. "0^= "o" ^*^' ^ ( ^^^•"o' "*" ^^^-"0" ) • 

(Jeaue'a Trig., p. 47.) 

2tan.»4- l+tan.^4- 
Since 1+tan. a?tan.— =1+-" = 

1 —tan.* — 1 —tan.* — 

X 

X X X \ l+tan.*Y 

hsA taa.-^- -f cot.-^ = tan.—- + = 

^ ^ 2 ^ X ^ X 

tan. -5- tan. — 

X X 

1 -h tan. X tan.-— tan. -tt- 
.*. — = = 2tan.--- 

XX o X ** 

tan. -^ -f cot,-^ 1 — tan.*-;r- 



(11). Prove- 



X 



(1 + sec. a?) tan.— = tan. x. ( Jeane's Trig., p. 47.) 

X 

Since (1 + sec. a?) tan. -— = x 



2 cos. X X 

cos. —- 
2 

2 cos.*— sin. — 

2 ^ 



X 

cos. a? cos. -r- 



The property is obvious. 

(12). 1— Bec.a?+ (l + sec.a?) tan.— ^tan.a:^!— tan.— j 

(Jeane's Trig., p. 47.) 
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1— tan. — - 
1— sec. dr+(l + sec. ar) tan. -;p =l+tan. -^ — 



2 ' 2 COB. d? 



COS. — +sin.--- COS. - — sin. - 



COB. — COS. — f COS.' -^ S^' "o" ) 

(d? , rp \ ' , X X 

COS. — -h sm.-— j — 1 2 Bin. — 2 tan. - - 



COS. Y ^ cos. - + sm. j Y COS. y + sm. 2" 1 + tan. — 



a? 
2 tan. — 

Again, tan. x = 



l-tan.» ^ 



2 

2 tan. — 
2i 



/. tan. 0? (l-tan.Y) = 

^ ^ 1 + tan. ' 



Hence, the property is obvious. 



(E.) 



CDisperp.toBA 




These equations are easily remembered, and 
as readily proved from the relations — 

CD" = AC - AD» = BC» - BDl 



Cos. A = 



AD y + c« - o^ 



AC 



2hc 



Cos. B = 



B D fl* 4- c* - J' 



BC 



2ao 



2. 



Cos. C r= = 



2ab 



Since A + B + C s= 180 = ir 6. 
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.'. sin. (A + B) = sin, C and cos. (A + B) = — cos C 6. 

1 I cog A 1 1 ^+'^-< («+6+«>)(6+'>-'') -»coo'^ 7 



l-cos.A=l-^±^=(-^±^=|¥^±^=2sin.4 8. 

2bc 2bc 2 

.-. tan.' A = (-i±lrL4ij±£^ 9- 



Multiply 7 and 8 together. 

.-.sin. A-—. - . 2 • 2 • 2 ^^' 



AB.CD 
Area = A = 



h c sin. A __ « ^ sin. C ac sin. B 
2 2 2 



Tan. — = — -- cot. — 12. 

2 a -\- b 2 

ABC 

Sin. A -h sin. B -f sin. C =: 4 cos. — cos. — cos. — 13. 

ABC 

Cos. A+coB. B+cos. C =4 sin. — sin. — sin. — + 1 14. 



In the above formulaa when (A) is substituted 
for (B), then (a) must be substituted for (6). 
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(1). If C is a right angle, then, c^ = a^ -\- fe*. 
Hence AD = -— — and B D = -7==== . . . 1. 

A + B = 90, and tan. — ^ = ^^-^ ... 2. 

2 a H- ft 

Sin. A = COS. B = — , and sin. B = cos. A = — 3. 

e c 

Prom these equations a great variety of pro- 
perties may be obtained. 



EXAMPLES. 



1. Cos. (A — B) = COS. A COS. B + sin. A sin. B 

_ a^ oft _ 2a6 



& ^ i? '^ c2 • 

2. Sin. (A-B) =^ . B. Tan. (A~B) =f=f . 

versin. (A— B ) a — h ^ 1 4- C08.(A— B) o + ft 

sin.(A— B)~"" a+ft* ''* 8in.(A-B) "^a— ft* 



6. Sin.(45+A)=-i-v^2.-^^. 7. Cos.2A= 



ft2 — fl3 



8. Sin. 2 A s 2 sin. A cos. A = 



c (r 

2ah 



^ ' 



9. Tan. 2 A = |^. 10. Sin.« ^ = V"^ 

ft^ — a 2 2 c 
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11. Co8.« 4- = '4^ . 12. Tan.^ ^ = '-=^ - 

13. Cob. (46 + A) = -^-^"2" -^^^. 

2 

5— .« A — B 

14. Tan.(45~A)=^-^ = -tan.— ^. 

15. Sin. (2 A — B) = sin. 2 A cos. B — cos. 2 A sin. B 



^ C3c« — 4a«) 

16. Cos. (2 A — B) = sin. 3 A = ^^ ^. 

17. Cos. 3 A = ^^''^^ ^') = sin. (B - 2 A). 



sin. 3 A COS. 3 A _ 2 
a be 



ah c* 2 a ft «' • o a 



«/^ * « ^ ft* fl ft* . 

20. A = -— = — - . -r- = -— tan. A . 

2 2 ft 2 

21. A = — . 2 « ft = 4- («* + ** + 2 fl ft -• c*). 

4 4 

c: A. (a + ft + (?) (fl 4. ft ^ C) 

4 



fl* cot. A 1 ( a^ - ft ^ , \ 

22. A = ; :=: -~- ( ; cM . 

2 2 V 6 - 6 y 
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Since the lines bisecting the angles of a triangle pass 
through the centre O of the inscribed circle whose radius is 
r, we have the triangles 

AOB+BOC+AOC=ABC 

or, ra + rh-^-re^ah 

.'. r = r , and B = 



E being the radius of the circumscribing circle. 



23. r = 



X A 1 . ^ B , A , B 

1 + cot.-—- 1 + cot.-— cot.~-+cot.-^ 

Jd A A M 

24. r + K = — r— . 25. r = 



v^c — J -h v^c 4" ^ 



(2). Prom evident combinations of the for- 
mulaB in (B) the following may be readily 
obtained, and will be true for any triangle 
whatever. 

1. 5 (i + c — o) versin. A = a (a -f- c — V) versin. B. 

A B 

2. (a + ft -I- c) tan. — tan. — = o -f- ft — c, 

2 Ji 

3. (ft + c — o) tan. -— = (a 4* c — ft) tan. — . 

2 2 

4. c (ft 4- c — a) sin.* -— == o (a + ft — e) sin.' — * 

2 2 

5. (« — ft) (tan.— 4- tan.-— ) — c ( tan.- tan. — ) . 

\2 2'\2 2' 



6. (ft 4- c — o) (cot. ^ 4- cot. ~\ := 2 fl 



B . . C \ . ^ A 

cot. ■-— 
2 
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ABC 

7. 4 fl cos, — cos* — COS. — zs (a + h + e) sin. A. 

ABC 

8. (aH-5 + <?)A = 2a5c cos. -^ cos. --- cos. ~- . 

2 2 2 

ABC 

9. (a + d + c)8 tan.8 -- tan.* — tan.» - «(fl •¥b-'cX'a + <?—*)(* + c— c). 

AAA 

ABC 

10. 4 A = (« -f J + (?)* tan. — - tan. --- tan. -— . 

2 2 2 



ABC 

11. Saicsin.-rsin.— sin.— =(a+i— tf)(a+c— &)(6+c— a). 

Ji Z J» 



(3)^ From the formulae 11 in (E) we have :— 

2 a A := a 5 sin. A, and 2 d A 3= & c sin* B 
and 2 A 7? <7 i c sin. C. 

Add these equations, then — 

2 (a 4- 8 + e)' A ^ ahc (sin. A + sin. B + sin. C) 

A J. A B C 

sz 4i ao a cos. — cos. — cos. — - . 

.2 2 2 • 

EXAMPLES. 

10^ X • A 7> c • A ^, sin. C sin. A 

1. 2 A = 6 sin. A = 0' . -r sm. A = 0^ ^ — =^ — . 

h sm. J3 

2. 2 A (sin. A + sin. B + sin. C) 

= a^ sin. B sin. G + b^ sin. A sin. C -I- <?* sin. A sin. B. 

3. 8 A^ = a^ ¥ ^ sin. A sin. B sin. C. 
4.2A(8in.*A+sin.^B+Bin.2C)=:(aH6Hc^)sin.Asin.Bsin.C. 
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(4). Since — 

T A — ^^' '^ — 2 ^c Bin. A 4 A 

COS. A 2 5 {? COS. A o-+c' — or 

EXAMPLES. 

L Tan. B(^ + <f^V) = ten.C (a^ + ff»-fl^). 

2. 4 A cot. A = i' + c» - «2. 

3. 4 A (cot. A + cot. B H- cot. C) = a^ + 6' + c^. 

4. 4 A tan. = 6* H- c* — «^. 



Observe tliat, = 90 — A. 



(5). Since— 

Sin. (A — B) sin. A cos. B — cos. A sin. B 

sin. O "~ sin. C 

2 ac cos. B — 2 5c cos. A 



* 



26" 



c^ 



EXAMPLES. 



1. 2 sin. (A - B) A = («' — ¥) sin. A sin. B. 

2. c(a-i-i-|-c)sin.(A-B)=r:(a2«.5'^)(8in.A+sin.B4-sin.C). 

3. osin. (A-B)+6sin. (C — A)+asin. (B— C) = 0. 
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(6). Since- 



AD + BD=c = acofl. B-ficos. A . . 1. 

Similarly, azzb cos. C -I- c cos. B . . 2. 

Do. ft = c COS. A + « COS. C . . 3. 

From these equations the following properties 
are readily derived : — 



EXAMPLES. 

1. (a— J COS. C) tan. B=:A sin. C. (Jeane's Trig., p. 60.) 

2. (c — J COS. A) tan. B = 5 sin. A. 

3. o (a — ft COS. C) = c (<? — ft COS. A). 

Multiply 1, 2, 3 by c, a, ft, and add then 

4. a*+ft*+c* = 2(bo COS. A + ac cos. B + aft cos. C). 

a ft 

Divide 1 by c, and substitute for — , — , then 

c c 

5. Sin. (A+B) = sin. C = sin. A cos. B + cos. A sin. B. 

FiDm 3 and 2 find cos. A and cos. B, add, then 

C 

6. c (cos. A + COS. B) = 2 (a + 6) sin.*—-. 

Q 

^. c (tfos. A — COS. B) 2= 2 (ft — o) cos.*-x-. 
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Multiply 6 and 7 together, thea 
8. o> (cos.« A — COS." B) = (5« - a») sin.' (A + B). 

ObeerYing, that cos. A+cos. B=2 cos. — - — cos, — - — 



A ^ 15 A o • A + B . A-B 

And C08, B — COS. A = 2 sm. — - — sin. 



2 ' 



Then, the properties in 6 and 7 become 



^ ^ A-B a-^-b . C _ .^ A-B a — h C 

9. Cos. — - — = sin.-^, and siii. — - — = cos.-;r' 

2 ^ 2 G ^ 



(7). In the triangle (E) E bisects the 
angle 0. 

Euclid, 6.3. a. AE=:6.BE,and AE + BE = o. 

.\AE=— — r,andBE= — — . . . . 1. 
a + a + 

Z AEC=B + ^=90— =^^ . ... 2. 

.•.cot. A E C = tan. — —— = — TT cot.-^ . . 3, 

2 a -f- o z 



EXAMPLES. 
1. By triangle and 1, C E (a + 6) = 2 a 5 cos.-^ 



C 



A-B 

2. The angle, E C D = — — - (See Pig., p. 70.) 
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3. A B'=j-^, B B'=-^, A ir =?i:^. 

ft — a' J— a 2 

where C 1/ is the external bisector. 

^« a — ft/ e +b \ 

*» = =-T-(7+I—T-) 

A— B fl + ft . 
6. Prom ABO we have, cos. — ;: — =s sm.-rr 

Z C A 

^ A— B a — ft C 

6. Prom 5 and 12 (B), sin. n ^ cos.-y 

7. (ft« — ff*)BB'=2afto. 

8. Deduce 6 from the triangle A B' 0. 

2aft C 

9. Prom AB'O, C B' = ~ sin.-^- 



10. OB'S 



o+ft /fl — ft 



/ fl — 6 e \ 



11, 2 D H = ft cos. A — o COS. B 

ftan. B— tan. A") 
\tan. B+tan. A J 



= 



H is the middle point of A B. 

12. Let A F and B O be the bisectors of A and B. 

a e ha 

.-. BP = -7- — ,and OF 



A F B B P 






ft+o • 
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. ^ EPB 
And, 



AFB 



BE 


a 


"** 


a+6 


a c 





.:.EPB= A . ^,wA^ ^ 

In a similar way the triangles G G E and AGE may 
be found. 

18. A E F G =5 A, 



(a+5)(a+c)(5+c) 



(8) . It is readily seen that if r be the radius 
of the inscribed circle, whose centre is 0, we 
shall have — 

(a-f 5+<j) r=2A=^ c sin. A 1. 

/ . A B \ 

r { cot.-^- + cot. —\z=:c 2. 



. A . B o • A . B . C 

sin.—- sin.--- 2 sin.—- sin. — sin. — 
7-2 2 2 2 2 



• • 



A+B sin. C 

sin. 



.•. r Bin. = 2 c sm. -^ ^in.— sm."^ . 3. 
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EXAMPLES. 



1. r sm. A = 2 a sm.-^" ^^^•"o" ®^^'^ • 



2. r Bin. B = 2 6 sm.^r- am.— 8111.-77- . 

Z Jt Ji 

From the above, and 13 in (E), it follows — 

ABC 

3. 2r = (a+h+c) tan.— tan.— tan.— . 

/A B C \ 

4. 2 r f cot.— + cot.— + cot.— j = a 4- ^ + <?. 

B 

5. 2 r cot.-^ = a + <? — b. 



A , C 

6. 2r cot.-2-=ft +<?—«, and 2 r cot. — =a+6— (?, 



A B C 

7. r* cot. -^ cot.— = a 6 Bin »— . 

8. r»|^cot.^ - cot.'— ) = (? (6 — a). 

ABC 

9. 4 A = (a + i^ + c)' tan.— tan.— tan.— . 



A A 

10. A O Bin.-^=r /. (a+6+(?) A 0=25c cob.-^ 

A B C 

XI. A = r* cot. — cot.^ *^*-'2~ • 
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(9). Let jp, j»x, P2 represent the perpendiculars 
from the angles 0, A, B upon the sides c, a, 6 
respectively. 

R = radius of circumscribing circle. 

By Euclid VI. C we have — 

2 E^ = a 6; 2 R^j = 6 c; 2 Epj = a c . . 1. 

And sinco p =z b sin. A = a sin. B ^ 

Pi=^ c sin. B = 6 sin. C V • • .2. 
Pi=i c sin. A = a sin. C 

.% 2 B sin. A = a; 2 R sin. B = 6; 2 R sin. C = c. 3. 

From a combination of these equations the 
following properties may be readily derived : — 

1. 2 E (sin. A + sin. B + sin. C) = a + 5 -f- c. 



\ B C 

2. 8 R COS.-— COS.— cos.-^- = a + 6 + ^. 



3. 8 B? sin. A sin. B sin. G =z ahc. 

4. R sin. 2 A = a cos. A. 

5. a COS. A + ftcos.B -f c cos.C=E(8iQ.2 A + Bin.2B + 8in.2C). 

=4 R sin. A sin. B sin. C. 

6. Ip^V sin.A; a^=a^sm.B.%(a+5)p=a-sin.B + 5^sin.A. 

7. p (« + w) = w 6 sin. A H- w a sin. B, 
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8. r =5 AB 8in--ir 8m.-;sr siD."7r« 

'' ' £k a A 



9. 4BA = a6o .•.2rE(a + 6 + c) = »5<?. 

... , T N « T A B C 

10. (a + 6 + c) A =5 2.fl {J ^^''♦■2" ^^•'2' ^^'~^' 



,• 1 1 11 

11. — + — + — = — . 



(10). DraW CO, BO, bisecting the angles 
C, B, and Oi, B Oi bisecting the external angles 
at 0, B. 

Since the perpendiculars from on the sides 
of the triangle are equal, and the perpendiculars 
from Oi on the sides of the triangle produced 
are also equal, then it follows that the line Oi 
passes through A, and bisects the angle A. 

Put T = eacK perp. from O = xadius^of inscribed circle, 

rj = do. Oi = radius of escribed circle. 

r, = do. O, = radius of escribed circle. 

(Opposite B.) 

9*3 sa do. O3 = radius of escribed circle. 

(Opposite C.) 

The angle O C Oi = right angle = O B O^. 

Hence the points C, B^ 0, Oj, are in the circumference 
of a circle. 
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Since the triangles 

AOB+BOC+COA=ABC 
AOjB + AO^C-BO, C = ABC 
&e. &c. &c.} 

It follows that — 
2A=r(a4-5+c)=ri(5+o— a)=:ra(«+c— 5)=r3(a4-^— c) 1. 






n ^4-54-^' r, a-\'l-\-o^ n a-Vh-^-c 



2. 



The following examples are readily derived 
from equations 1 and 2. Example 8 is ob' 
tained in a similar manner to 3 in Art. 8. 

1. — = 1 h — , and A' = r rjra rg. 

r n ^3 ^8 

^^ .-..- A B C 

2. 2rjr2r3=(a+6+c) A=2a6ccos.— - co8.-;r- cos.—. 

2 *< ^ 



1. n ra + n n + ^2 ^3 = -^ = ^ ^ j 



V B C \ 

4, n f tan.— + tan.-^" ) = «. 



5. n f cot.-r- — tan.-|^ j = h. 

6. ri ( c6t.-r tan.-rt*" j = c. 
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A 

7. .'• 2 Ti cot.--~ = a -f- 5 -f- (7. 



O A ^ . A O • ^ B C 

8. And ri sin. A = 2 a sin. -jr- cos. — cos.—. 



ABC 

9. Or ri = 4 E sin.-Tr cos.-r- cos.—- . 

t6 2 4 



B 

10. 2 Ti tan. -^ = a + 5 — 0. 



,_ , B A C . 

11, ra = 4i B sm.-o- COS.— cos.—. 



12. rj ss 4 R ^^'~2 cos.-^ COB. g". 



The properties in 11 and 12 are derived exactly in the 
same way as the property in 9, 

By adding 9, 11, 12 together, and subtracting 8 in Art. 9, 
there results :— 

13. n + r, + rj = 4 R + n 

These properties might be increased, by various combina- 
tions, indefinitely ; but the subjeet has been pursued far 
enough for our purpose. To those who may be curious in 
speculations of this nature, we can recommend with con- 
fidence Mr. Weddle's Papers in the ** Lady's and Gentle- 
man's Diaries." 
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(11). If Q be the centre of the circumscribing 
circle of the triangle ABC, and O the centre 
of the inscribed circle, then — 

.•.QAO= ^ -(OO^C) = ^^ 



A O = — ^ — ; and A Q = R 
A 



Bin. 



2 

C-B 



•:. O Q^ = A O^ + A Q= - 2 AO . A Q cos. 



SL^ 4- — COS. 

. „ A .A 2 

Bin.'^--- sin. ^- 



C-B 

COS. — ~ — 



= R' - 2 E r 



A A 

sin. — - — 2 R sin.' — - 
2 2 



c-B ;, . B . C 

COS. — 2 sin. — sin. — 

R»-2Rr' ^ 2 2 



( «^T 



= R" - 2 R r. 



EXAMPLES. 



1. Z. QBO = ?— ^, and^QCO=?~^ 



2. / Q A = ^ QB O — Z Q C O. 
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(12). Let (a) be the length of the side of a 
I'egular polygon of (n) sides, r, R the inscribed 
and oircumscribed circles respectively. 

The angle subtended by (a) = — 4 • . 1 . 



.*, a = 2 R sin, — = 2 r tan. — 

n n 
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Area of polygon = — - — = — - — cot. — 
r J^ 2 4 n 



From these three equations the following 
properties are readily proved : — 

W E* 2 TT X 

1. Area of polygon= — - — sin. = nr* tan. — . 



2. r = E cos, — , 

n 



3. Circum. circle x cos.* — = In. circle. 

n 



4f. r + E = -7- cot. 



2 ™- 2 7» • 



5. Each angle of polygon = 

u 

6. Sum of angles of polygon = « (n— 2). 

7. If E' and r' be the corresponding radii for a regular 

polygon of (2 n) sides, and of the same perimeter 
as the former, then 

E r' = E'S and- r - E = 2/. 
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Observe, that a = 2 a', gives B cos. = R', and the 

2n 

properties are easily obtained. 

(13). Let F, G, H be the middle points of 
AB, B C, A C of the triangle ABO. 



.-. 2 C F» = 2&« + -|- - 2&C COS. A. By (2) in (E). 



2 53 + ^_ja_c«+a« 



£>2 

o2 + ja ^ — . . . 1. 



EXAMPLES. 
1. 4 (CF* + AG« + BH«) = 3 (o« + i* + c«). 

2c 

3. P, A G, B H, meet in a point K. 

4. 3FK = 0F; 3GK = AG. 



(14). Ifa?+— =2cos.A, andi/+ — =2cos.B 

a? y 



in any triangle. 



.% 5 a? + — • = c. (Wrigley.) 
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Solve, with respect to x and-y. 

.• . 07= COS. A+ V^ sin. A, and - — sscos. B— ^/-^ sin. B ; 

a, . _ ,.* .-« 

.\ox+ — =5 CO8.A+0COS.B4- V—i o sm.A— >/— 1 asrn.B 

5= <?. 



EXAMPLES. 



5 
1. a^ + — = c. 



a? 



2. — = COS. A — \/—i sin. A. 
a: 



3. .r« +--.=2eos.2Aandy«+ — = 2 cos. 2 B. 

4. a a? (y' — 1) = i ^ (o?2 - 1). 

5. a?y + — = 2 COS. (A + B). 



(F.) 



If sin. *r = a •'. s^ •= sin.^^ . a. 

„ COS. a? = fl „ a? = cos.-^ . a. 

„ tan. a? =: a „ .r = tan.""^ . a. 

„ cot. a? =: a „ *r = cot.""^ . a. 

j3 S6C. «* — — C» ^9 «Z <*«— S6C« • fJL* 

„ cosec. .r = a „ a? = cosec.""^ . a. 



This notation is convenient, and it is nni- 
versal ; that is, it applies to any function of x. 

If log. iT = a .•• .r = log.^^ . a. 
„ ^ (a?) = a „ X — f-^ . (a). 

Hence, sin.~^ . a is the angle whose sine is a. 
„ cos."^ . a „ cosine is a. 



&c., &c., &c. 
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(1). Prove that sin.-^— = tan.-^ ;y ^a _ ^ • 



Let V = Binr^ — = tan.-^ y 

a 



.\ sin. «? = — and tan. t? = y 
a 



. ^ Va^ — a^ sin. v ^ 

Hence, cos. v = and y = = ^/-a — 3 • 

' a "^ COS. V V « — ii?^ 

The above question may be put thus.: verify 
tan. sin.-^ — = ./^ /—^ ; or find the value of 

tan. sin. — . 
a 

Find the valtie of the following expressions : — 



a? 

1. Tan. COS.""* — 

a 



8. Tan. cosec."' — 



, 1 — a? 
5. Cos. sin.""* , . ■ 

1 + a? 



7. Cos. tan.~^ 



^/^:^?• 



9. Sec. cos.*^ a/1 — or^ . 



11. Tan. cos."Vl -^. 



2. 


Tan. 


sec.-^ 


a 




4. 


^an. 


cot.-^ 


SB 

• 
a 




6. 


Sin. 


tun.-^ 


1 + 




8. 


Tan. 


cos.""^ 


^ 


yf 


+ «»• 


ih 


• 

. Tan. 


sin.~^ 


I 


a» 


lUi 


+ *^" 


12 


. Tan, 


, sec." 


1 _, 


•J • 
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ANSWERS. 



a 



0? a V 5*—^ 

4.-^. 6. '^^. 6. '-* 



Cff 



1+0! ' ■ ^/'2il+s')^ 

l _ 1 



7. A/l-a:*. 8. i-. 9. -^ 



« • *" Vl-«;«' 



10. *. 11. -j^^ . 12. \/-V^. 

vl — 0?* ^ 1 — a?* 



(2). Find tte value of tan, 2 cos~^ a\ 

Let V = coar* os .3. tan. 2 cos.*"^ a? = tan. 2 r. 



But COS. r ss or .'. tan. v = ^ . 



a 



Hence, tan.2t? = 7— t^'^" = ^^^^""^ = tan. 2 cos.-^ a^ 

l--taii.^t? 2 a?*— 1 

Veriiy the following : — 

1. Cos. 2 ain.*"^ a? = 1 *- 2 a?^. 



2. Tan. 2 sec.-* a? 



3. Coi 2 ninr* 3 ^ = 



-1^—2 V 0?" - 1 



2 - ar^ 

1 - 18 d^ 



6iF Vl -da^' 



4. Tan. 2 sin. 



\n --1 1— ? _ 4 a/ ar (1 - a?) 



1-1- ^ 6a? — ar* - 1 
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5. Sin. 2 tan.-* a/T" = ^^ . 

1 -f ar 



6. Cos. 2 tan.-* 2 >• a? = 



1 + 4a? 



7. Tan. 2 cot.-* Vl—ir* = 



-2A/l-a:^ 



8. Tan. 2 cosec.""* v' a? = 



a? — 2 



9. Tan. 2 cob.- ^^ ^ " -' = 2V(l-^)(y-l) 

a? ^ — o a? 

1 — a?- 4ar — 4a:' 
10. Tan. 2 cos.-* 



l+ar« a:*— 6ar* + l 






11. Sin. — - cos 
2 



12. Tan. — sin. * — — = 7= 

2 1-fa? 1-1- V a? 



1 1 / — ^ / '^^ — 1 
13. Tan, — - sec.-* v a? = A/ ■ ^.— . -7 . 

2 ^ V a? + 1 



14. Cos. ^ tan.-* f-^ = \/ A- + 
2 1 — a? ^2 



1 — a? 



2 1-a? ^ 2 A/8 + 8ar* 



r>.. , / 4 . T-ix tan. A + tan. B 

(3). Since, tan. (A + Bj = -jz^^^^^B 

^ . 1 tan. A + tan. B 

.". A + B = tan.^* ;; 7 Ti ^ • 

1 — tan, A tan. B 
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By putting tan. A = a:* and tan B = y 

•J? -f" y 

.\ tau.""^ X + tan.'* y = tan. ^^— . . . » 

1 — a?y 



Similarly, tan."* x — tan,""* y = tan."* ---; — '— . . .2. 

1 + a?y 

Equations 1 and 2 are important and should 
be remembered. 



Prove the following : — 

1. Tan.-* 4- + *a^ "' "T- = *ai^-'' ^ • 

3 4i 11 

2. Tan.-* 4" + tan."* -i- = tan.'* i^ . 

8. Tan.-* -i- — tan,-* i- = tan.-* ^ . 
8 4 13 

4.Tan.-'i--tan.->-|- = t«B-l-. 

6. Tan.-* -— — + tan.-* — ^r— = tan.-* -— — - — -- , 
2 3 4 4- a — ar 

6. Tan.-* — tan."* = tan.-* — . 

/a(l + o^) a 

7. Ifa7=\/ -r .•.tan.-*(a?— a)4-tan-*(a?+a)=tan.-*-, 

^ Z -^a X 

8. If 07*= a^— 3 .'.tan.-* (a?— a) — tan.-* (d?+a) = tan.-* a. 

^r« ,1 + 0? . -1 — 0? ,2a? 

9. Tan.-*- tan.**;—- = tan.-*:; ^=2tan.-*a?. 

\— X 1 + 0? 1 — ar* 
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(4). From Eq. 1^ last Article, it is evident 
that if y be determined from a; +y=l — xyi 






.-. tan.-^ a + tan."^ — ; — = tan.-* 1 = -^ 

1 + 0? 4 

whatever may be the value of x. 
Prove the following : — 

1. Tan.-*a?-tan.-*^ = -J-. 

2. Tan,-* a + tan.-* "" ^ . — = ~- . 

3. Tan.-* a? - tan.-* 7=. = -^ . 

a? -f V3 o 

4. Tan.-*o? + t»p.-* /^ ^ 7^ = -^. 

1 + V 3 i» ^ 

(5). Since, 

2 tan.-* a? = tan.-* 4? + tan^-* a? 5= tan.^ ^^ . . 1. 

/. 3 tan.-* a? = 2 tanr* a? + tan. ip = tan.-* ^^^ - 2. 

4 ^ (1 — ir*) 
4 tan."^ a? = 8 tan.-* a? 4- ta^. a? = tan.-* . ^_j^^4_g^ ^' 

&c., &c,i &c. 

1. In 1, make 2 a? = 1 - a?* .'. tan. -|- = >/ 2 - 1. 

2. In 2, make 3a?--a:*=l-3a7'*.-. tan ^ = 2- a/ 3. 

3. In 3, make a?* + 4a;» — Sa;* — 4a? + l = 0; 

^.. tan. -^ = (± a/ 2 ^ 1) ± / 4 ± 2 a/"2 . 
16 
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(6). Since, 



2 X 

1 -^ 0?' — 2 d? y 

1. Take, 2af + y (1 - ar^) a 1 - ir» - 2 fl?y 

rtj^ -1 ij^ ,1 — ar — 2iP IT 
.'. 2 tan. * 0? + tan."* -— = — . 

1 — ic* 4- 2 ^, • 4 

2. If 0? = -i- in Ex. X .-. 2 ^n.-* i + tan.-* 4" "^ ~ 

3. 2 tan.-* a? - tan."* y = tan.-* 2^-^(1-^) 

^ 1 -a;« + 2a?y 

4. Take, 2 a? - y (1 - a:'^) = 1 - a?'^ + 2 a?y 

/. 2 tan.-* X — tan. * r — =: — . 



(7). 3 tan.-* a? -ftan.-*y=tan.-* ^ §- + tan.-*y 

1 — 3 ar 

^ ^^ ^, 3^-£Mj^a:-3^X 

l-3a;«-y(3a?-aJ') 
1. If3a? — iF^+y(l-8ar») = l-.3a?»-y(3a?-af») 

.:. 3 tan.-* X + tan.-* :; -— r = — . 

1 + 3a? — 3a;* - a?» 4 
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(8). 4 tan.-' * + taD.-> y = tan.-' ^^^~J^ + tan.-' y 

_ , 4 a; (1 -«*) +y (1 -f a;*- 6 aP) 

1, lf4ir(l-«0+i'(l+^-6«')=H-«*-6a;'-4»y(l-aO 

, a^ + 4 a* — 6 «* — 4«-|-l « 
.-. 4tan.-'* + tan.- TTI^HeTTii^Tl ^ T ' 

2. If « = -i- in Ex. 1 .-. 4 tan.-' — - tan,-' -^ ■=. -j-. 
8. 4 tan.-' ~ - tan.-' ^ + tan.-' 99 = ^ • 



TRIGONOMETRICAL EQUATIONS. 



(1). Given, sin. {a + b w) = cos. (c + rf j?), 
to find X. 

Sm.(a+5<r)=8in.(|-.-J^)=Bm.(f-«-i^±2«,) 



.•.a + 6a?=— c ^ da ± 2nx 

2 

(1±4«)— — — fl 

n is any whole number. 

EXAMPLES. 



1. Sin. 2 a = cos. a? .'. a? = (1 ± 4 n) -— . 

o 

2. CoBec' -- — Bee ' -—= 2 v 3 cosec.' a?. Ana. 2 »« ± -. 

2 2 6 
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/ «x 4 (6m±l)it 

3. Cos. « a? -f COS. (w — 2) a? = cos. x. Ans. -—7 7- 

6 (n — 1) • 



4. Sin. X — COS. a? = 4 cos.' a sin. dP. Ans. (± 4 w — 1)- , 

4 



6, Sin. (a? + a) + cos. (x-^-a) = sin. (a? — o) + cos. (x — a). 

Ans. 45. 

6. Tan.a?+2cot.2a?=sin.a?(l+tan.a?tan.— ). Ans.(4n±l)^. 

\ 2 ' 4 

^ o. ^ . . rt . mv /6mi:l\ 

7. Sm,7a? — Bin. a? = Bm.3a?. Ans. -^,or, I — — — )v. 

(2). Given, a cos. n .r + 6 sin. w ii? = c, 
where c < '^ ti^ + 6'^: 



« ft . 

• ^ cos. n X + / , sin. ^ d? = 



• • 



Put, Bin-, h = "T—^.-. COS. h = -^==, . 
•*• sin. h cos. n ^ + cos. h sin. n ^ =: sin. i, 



c 

where sin. i = 



.•. sin. (h -r n x) z=z sin. * = sin. (i ± 2 «» ») 

i — ii ± 2 «i » 



.'. a? = 



n 
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EXAMPLES. 



1. ^ 2 (cos. 3 0? + Bin. 3 a?) = 1. Am, ~ (7 + 24 ^). 



2. Sin, a? — cos. a? = 4 cos.^ a sin. j?. Ana. (4 «i + 3) -^, 

o 

3. Sin.a?+ ^^¥008.^1? = — (>/ 5 — 1). Ans.(2r— —jr. 

4. Sin. 2 a? -f- cos. 2 a? = >/ 2^. Ans. (— + H ir. 

5. \^3Bin.4a?— cos.4iF=— -a/6— 1). Ans.f-— + -—)». 

2 ^15 2 ' 

6. v^ 3 ^in. 4 a? — cos. 4 a? + v^. Ans. (r + -7 .).^ . 

(3). Sin. n ii? + sin. m cT = 2 cos. h sin. ^-— - a? 
can be solved. 

Sin. rnc -^^ sin. w a? = 2 sin. — - — x cos. — - — x 

2 2 

n — m , ,4r w 4- 2 A 

•'. COS. — r — X = cos. A ; or, a? = — , 

2 fi — m 



EXAMPLES. 



1. Sin. nx + sin. m x = 2 sin. & cos. — - — a?. 

2 



2. Cos. w J? + COS. f» a? =3 2 cos. A cos. — — a?. 



«4 * « 
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3. Cos. nx + COB. fft d? = 2 cos. h cos. — r — a. 



m + n 
4. Sin. n a? — sm. f9« jt = 2 sin. h cos, — r — x, 

4i 



5. Tan. * + cot. « = 4 .-. a? = :^ (1 + 12 r), 



6. Cos. a + sin. a? = a/ 2 .•.^2111 + — j *, 



1. 



AN8WBES. 
2* -f 4f r« « 4r« + 2* 



. 2. 

H -f- HI 11 — Wl 



• 



g^ J ^ 4^ 



• 



(4). Sin. (a + n J?) sin. (6 + n a?) = 5- cos. c ; 
can be solved. 

Change the product to equal diflTerenoe. 

.!• COS. (a — 5) — COS. (2 n « + a + 5) = cos. c 
COS.""* {cos. (a — 5) — COS. c] ^ a —- h 



.\x 



2n 
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EXAMPLES. 

1. Sin. (Ajr + a)8iii. (mjc-k'b)^ •- co8.e— •- co8.((n + m)« + a + i}. 

2. Sin. (»jr + a)8in.(m.r + d) a — co8.e+ --cos.lrn— m)* + fl— 4j. 

3. Sin. a? sin. (2 a + ar) + w cos.' a = 0. 

(2 m + 1 \ 
lu — t' 

5. Tan. os + cot. a? = 2 cosec. a .'. a: = — ± r «. 

6. Tan.'a?=:tan.(af— o)/.a?=— -{8in.~* (3Bin.a) + fl±2r») 

.'. 2 sin.* 0? COS. (a? — a) =s 2 cos.' a? sin {x — a) 
Sin.'a? {8in.(2d?— o) + Bin.a} =:C0B.'a? {8in.(2ar— a)— sin.aj 

sin. (2 a? — a) + sin. a cos.* d? 

QJ, ^ . J-« -_ 

' sin. (2 0? —• a) — sin. a sin.* a? 
sin. (2:r— a) cos.' a? -f- sin.' a? 1 



sin. a COS.' a? — sin.' a; cos. 2 a? 

and, sin. (2 a? — a) cos. 2 a? = sin. a. 



ANSWEBS. 

2ry ± g + ft — g „ (± 2r 4-1)^^^ — g — t 

1. ' . 2. —————— ^ 



i. a? = cos.~* 4 ± V' 1 + « cos. al — a. 
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(5). Since sin. 2 x = cos. 3 x; gives a* = 16, 
or— 54, it is not difficult to show, as in Art. (4), 
p. 49, that — 

4 MIL* X + 2 Bin. * = 1 ; gives a? = 18, or — 54 deg. . 1. 
And 4 sin.* a? — 2 sin. ar + 1 ; gives a: = 64, or — 18 . 2. 

Multiply 1 and 2 together, then — 

16 sin.* «— 12 8in.';p+l=0 gives d?=±18, or ±64* . • 3. 

Solve the following : — 

1. 2 COS. 2 a? = 2 sin. ^ + 1* Ans. 18, or — 64. 
Observe, th^t 2 cos. 2 or = 2 — 4 sin.' ar. 



2. Sin.' 2 a? — sin.' a? = -p. Ans. ± 18, or ± 64. 

4 



8. 4 sin. a? sin. 3 a? = !• 



9> 



4. Siu.a+8in.(d?— o) + (8in.2a?+o)=sin.(a?+«)+sin.(2a?— fl). 

Ans. 36, or 108. 

Since sin. a + 2 cos. 2 a? sin. a s 2 cos. x sin« 0, 

•'.1 + 2 COS. 2 a? s 2 cos. x, 
which is the complement of equation 2. 

6. 4 cos. a? COS. 3 a? + 1 as 0. Ans. 36, or 72. 
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(6). Solve Cos. 3 a? + cos. 2 a? + cos. »!• = 0. 

.;. 2 COS. 2 0? COS. cc + cos. 2 a? = 0. 
Or, cos. 2 a? (2 cos. a? + 1) = 0. 

.% cos. 2 a? = = cos.-^ = qos. ( — ± 2 r w j 

Again, cos. «? = ——= coB.f — r^— ± 2 rir j 
/. iP= (-^ ± 2r Vir. 

EXAMPLES. 

1. Sin. 3 iP+sin. 2 a?+sin. iP=0. Ans. ('T'i 2rjir. 

2. Sin. 7 iP — cos. 3 a?+sin,(r=0. Ans. [ — ± ^)"^. 

3. Sin. 3 a?+Bin. 2 a?=Bin. d?. Ans. 60, or 180. 

4. Sin. (a?+o)+cos. (j?+<i)ssBili. (a? — a)+cos. (a? — a). 

An..(i-±.)- 

- t 

6. Sin. 7 fl?+Bin.4a?+sin.a?=0* Ans. (6 r±2 J'Tp- 

6. Sin. 9 ir+sin. 6 iP+2 sin.' a?=l. Ans. 45, orTT. 

7. Sin. ^ + sin. 2 a? -f- sin. 8 d? -f sin- 4 a? = 0. 

« 

Ans. 90, or 180, or 72. 
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(7). Sin. {a + nx):=ic sin. {b + no(i). 

sin. a — c sin, h 
By developing, we find, tan. n a? = ^ cos. b-- cos. a ' ' 

Another method is as follows : — 

gi n. (a'\-nai) _ 
sin. (b + nx) 

8in.(fl+na?)-8in. (&+na?) _ c^l _ ^ 
' ' sin. (fl+na?) +sin. (b+na) ^ c + 1 

Change these into products, then — ^ 

a +b 1 . , /, , a — J 



ir = — 



2n 



+ — cot."* I A cot.— -T — ) 
n \ 2 / • 



EXAMPLES. 
1. m tan. («— a?) cos.* (a— ir)=wtan. a? cos.® a?. 

.*. 2 a?=a— tan.-* ( tan. a j . 



2. Cot. a?=» cot. (a-^x) /. 2a?=a — sin.~* T— — -sin. au 



3. Tan. a? = (2 + vTj tan. -^ . Ans. ± 45. 



4. Sec. (a? -t- fl) + &ec. (^r — fl) = 2 sec. a?. 



Ans. cos.-* (V 2 cos. — ) 
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(8). Tan. a tan. a?=tan.^ (a+a?)— tan.^ {a—x). 

= sec,^ (a + a?) — sec* (a — or). 

cos.^ (a — a?)— C08.^ (g 4- a^) 
"" COS.* (a + 0?) COS.* (a — 0?) * 

sin. a sin. a? 4 cos. a cos. a: sin, a sin, a? 






cos. a COS. a? """ cos.^ (a + ar) cos.* {a — a?) 

or, 2 COS. (a+a?) cos. (a— a?) =1:4 cos. a cos. a?; 

or, COS. 2 a + cos. 2a: == ± 4 cos. a cos. a?; 

or, cos.'a? q: 2 cos. a cos. a? H- cos.* a = 1; 
.•, COS. X q: cos. « = ± 1 ; 
or, a: = cos.~* (± 1 ± cos. o). 

exa:mples- 

1. Sin. a sin. cc = sin.* (a + a?) — sin.* (a — a?). 

, /Sec. fl\ 
Ans. COS."* ^ — - — y 

2. Cot. a cot. a? = cot.*(a 4- a?) — cot.* (a— a?). 

Ans. sin.-^ (± \/ 2" q: 1) sin. «. 



HIGHER TRIGONOMETRY. 



Cos. n xi. -/ — 1 sin. n a? == (cos. ij? ± v^ — 1 sin. a?)" 1. 

2 COS. a? = e* '^^^^ + €*-• '^^^ 2. 

2 V^'^I^ sin. 0? = f « ^^ - e— ^^ 3. 

Prom (2) and (3) it readily follows, by adding 
and subtracting, that — 

«^*^^= COB. a? ± >/ — 1 sin. a 4. 

Equations (2) and (3) were first obtained by 
Euler from the developments of cos. a?, sin. j*, 
and 8*, in ascending powers of a: ; and they were 
considered by Lagrange as the greatest ana- 
lytical discoveries of the age. (Le Calcul des 
Fonctions, p. 114.) 

Equation (1) was first given by Demoivre, 
and is caUed Demoivre's Theorem. It is re- 
garded by Lagrange and Laplace as of equal 
importance with that of the Binomial Theorem. 
(Woodhouse's Trig., p. 55.) 
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The demonstration of (1) readily f6llows 
from equation (4), wliioli is true for any value 
of X ; therefore it is true for n w; 

.•.cos.«fl?± y — 1 sin. »ii? =3 c=^««^^^ 

= (cos. a? ± v' — 1 sin. a?)" 

which is Demoivre's theorem. 

Equations (2) and (3) are true for any value 
of iT ; they are true, tlxerefore, for n a? ; 

.\ 2 COS. w a? --= €»»* ^~^ + €-♦»* ^^^^^ 

_. 1 1 

Hence, 2 cos. a? = y + — , and 3 cop. » 4? = y» -f — -. 5- 

y y 

This equation was first given by Demoivre. 
In a similar manner we may obtain — 

2 v^ — 1 sin. a? = « 

^ V e 

and, 2 v^ — 1 sin. n ^ = y** — -;p 
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(1). From (1) :— 

Cob. na i. -/ — 1 sin. « a? = (cob. o? ± -/ — 1 sin. ar)" 

= COS.* d? (1 ± v^ — itan. a?)". 

Expanding this expression by the binomial 
theorem, and equating impossible and possible 
quantities on each side of the equation, we 
have — 

I 1.2 1. 2.. .4 J 

f n(n— l)(n— 2) t 

Siii.fi4raoo8."ar { ntan.jr tan.''a; + &c. V 

\ 1.2.3 J 

Putting n a? = fl, these theorems become — 

B f /tan.jr\ 0(d— jp)(d-2*) /taii.a;\8 ) 

Sin.aKco8.x)«{n-^)- 1.2.3 (V) ^^-i 

By making various suppositions with respect 
to s and fl, various theorems will follow, some 
of which are of historical interest. For in- 

stance, make a* = .*• (cos. :v)' =1 and 

/tan. a\ -t 

And, sin. fi = « - j-|-g + j^^XO - *'• 

This method of deducing the values of cos. 6 
and sin. e in series was first used by Euler. 
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(2). Expanding the formula in (6) by the 
binomial theorem, and making obvious arrange- 
ment of the terms, there results — 



n(n-l) 
2»~ico8.'»«»oos.»ar + noo8.(ii — 2>p+ — C08.(» — 4}«-»- &c« 



This series must continue to cos. .v when n is 
odd, and to cos. when n is even. When n is 
even the last term must be divided by 2. 

(3). Expanding the formula in (6) by the 
binomial theorem, and arranging the terms as 
above. 

For n even : — 

2»-i(— l)*^gin.»aj«co8.n*— nco8.(»--2)j?+ -— — cos.(»--4)*--&c. 

This series must continue to cos. 0, and the 
last term must be divided by 2. 

For n odd : — 

*— ^ nTn— 1^ 

2*-*(— 1) ' 8m.'»a?=»in.iijr— ii»m,(«— 2)4?+ -r— ^rin-(»i-4>r-.&o. 

This series must continue to sin. j^. 

In deducing the above theorems it is neces- 
sary to observe, in arranging the terms, that 
the coefficients of any two terms equally distant 
from the beginning and end are the same. 
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(4). From equation 4 we obtain, by taking 
the log. of each Bide, — 



CO 



V — 1 = log. COS. 0? + log. (14- V — 1 tan. a?) 



and, — a? \/ — 1 = log. corf, x -f log, (1 — n/ — 1 taH. x 



^.^ 2a? V— l=:log. (1+ V— Itan.a?)— log.(l— V— ltan.a?. 

Expanding the right-hand side of this equa- 
tion by means of the logarithmic theorem, there 
results — 

1 1 ' 

X = tan. a? — -IT- tan.'^ x -^ --- tan.* x — &c. 

3 5 

a series which is usually called Gregory's, being 
first deduced by that eminent mathematiciaji. 
The value of oc can only be taken between the 

limits -J-* and "" -j- '^« 

The above series may be put as follows : — 

Tan.-^y = y - 3-^ + y- y' - y y' + Ac. 

(5). Find the 2 n roots of a?^" — 1 = 0, n 
being any whole number. 



a;2» = 1 = COS. 2rw± \^— Isin. 3 



r V 



.-. X = (cos. 2rv± \/-- 1 sin. 2 r v) 



cos. — JL V — 1 sm. — . 
n ^ 



1^ 

2n 



(By Demoivre's Theorem.) 
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Take r = /. a? - 1 = 0. 



TT 



„ r = 1 .•.«* — 2 a? COS. h 1 = 0. 

n 

„ r = 2 .\ a^ -'2 a COS. — + 1 = 0. 

n 

„ r =r 3 ••. ir* — 2 a? cos. — + 1 = 0, 






„ r = » .'. a? 4- 1 = 

Solve the following examples : — 

^ 'V 2»+l / \ • 2n+l / 

2. »a» + l-jf*a-2*(X)8.^+lV...(^«-2*C08.^^^^^^^ 

3. *2»*i+ !-(«+ i)f*«-2irco8.--^ + iV . . . (x«-2JC0g /^"""V'' + 1) 

^ '\ 2»+l / \ 2»+l / 

(6) . By giving particular values to »r in the 
theorems of the last article we may obtain 
various results, as follows :— 



a:""-l 



ince, — = (a? + 1) ( ar* — 2 a? cos. — + 1 ) . . . . 

a? — 1 \ n / 



(«? - 2 * cosZ-^t:^ + i) 



a?'**— 1 

and, ;— = a;^""* + a?^«-2 ^ . , . ; i by division 

a? — 1 

= 2 w, when a? = 1. 
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.•.2« = 2 (2-2co8.^)....(2-2cos. ^"^ " ^^^ ) 
.;. n = 2^-^ (l ^ COS. ^) .... (l • cos. ^^^^~^) 



==2-^2sin.';^....2Bin.' ^''-^^^ 

2n n 



= (2»-0' . Bin.' ^ . . . . sin.» (^LzllZT 
^ ^ 2» 2n 



.*. V » == 2"^ Bin. ;--... . sin. >—- — — 

2n 2n 



Prove the following examples : — • 

1. V 2 » + 1 = 2'*Bin. r — — sin. .... sin. 



2«+l 2«+l'*' 2n+ 1' 

rt /IT «« • W . 3 TT . (2 « — 1) IT 

2. V 2 = 2* sin. -— - Bin. -—.... sin. -^^ — — . 

3. 1 = 2" sin. — ;; r: sin. .._ . ,. .... sin. ^.- , ,, . 

2(2;»+l) 2(2«+l) 2(2»+l) 



(7). Solve y^** — 2 y"cos. tf + 1 = 0, n being 
any whole number. 

y2» - 2 y** COS. fl + COS.' 6 + sin.' fl = 
.'. y" — COS. ^ = ± V — 1 sin. 6\ 
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or, y = (cos. fl + -/ — 1 sin. &) '* 

= COS. — ± V — i sm. — 
n n 

(By Demoivre's Theorem.) 

2r7r + e 
• * y — 2 y COB. ^— + 1 = 

an equation whicli includes all the quadratic 
factors of the given equation by giving to r the 
values 0, 1, 2, 3, &c.y respectively. 

.-. r '* - 2 y'» COS. e+ 1= iy'-^y cos. — -f l) 

X ( y^ — 2 y cos. h 11 



X (y- 2ycos. — ^ + l) 



X ^y'-2ycos.^ ^^— ^+1) . . (a). 

By making various suppositions with respect 
to y and Q various interesting results may be 
obtained. 

EXAMPLES. 

1. If y = 1 .*. sin. — -= 2'* ^sin. -~ sin. — .... 

^ 2 2n 2n 

. (2 W - 2) TT + (? 

sjn. , 

2w 
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2. If y = - 1 



$ 2ir-\-e (2n— 2)ir+d 

COS. -— COS. -Z .... COS. ^^ 

2n 2n 2n 



0.0 
z=, COS. — , or, sin. -— ; according as n is odd or even. 
JL 2 

o m , . 2w\- i2n-2)ir-\-0 

3. Tan. -— = tan. -- tan* — tan. -^^ . 

2 2n 2n 2 it 

When n is odd, — 

.- , w . 5ir , (411— 3) » 

4. 1 = tan. - — tan. ■— - — tan. ^= —, 

4n 47f 4 n 

5. a^" - 2 a;"fl*»cos. ^ + a'»=: ^«»-2a?a cos. — + a') 



X (ai^ — 2 xa 
X To;* - 2 a? 



COS. 



2w -^ 



n 



+ 



a COS. 



4iw + 
n 






la^ — 2 a: a 



COS. 



(2 « — 2) TT + ^ 



n 



-) 



(8). Demoivre's property of the circle. 



Divide the circumference 
2 TT into n equal portions, 
beginning at B. 
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Put;, A B = ^ 

.-. A Bi = tf + ?:r; A O B, = ^ + — , Ac. 

n n 

.'. P B^ = O P2 - 2 O P COS. d -h 1 
P Bi« = O F - 2 P COS. f ^ + — ) +1 

P B/ = O F - 2 O P COS. (^ + — ) +1 
&c., &c., &c. 

By the property in last article we have, 

OF"-20P»cos.nd+l=PB\PBi\PB/.. to /^factors. 

By moving P to various points the following 
examples may be proved : — 

EXAMPLES. 

1. Let P be moved to A ; 

.\ 2 sin. — = A B . A Bi . A Bj . . . . toit factors, 

2. Let P be moved to Pj on the line B by making equal 

to zero ; 

.-. OPi'* - 1 = PjB.PjBj.P Ba .... to ^ factors. 

3. Let w tf = ir ; 

.-.OF + 1 = PB.PB1.PB2.... to » factors. 

The properties 2 and 3 are called " Cotes's 
properties of the circle.'* 
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(9). Solve sin. j* = n sin. (x + a) by series. 
By equation (3) : — 

from which we readily derive, 

ea« ^^ (1 — n €« ^~0 = (1 — » c-a-Z^i)- 
Take the log. of both sides of this equation. 

.'. 2 a? \/ — 1 = log. (1 — n e-«'^^^) — log. (1 — n e« '^^^) 



n» 



2 



»» 






n' sin. 2 a n' sin. 3 a 

/. d? = » sin. a H — H + Ac. 

2 • 



EXAMPLES. 



1. If COS. d? = » COS. (d? + a) 

V . w^ sin. 2 a «' sin. 3 « 
.\ a = —- + n sin. o + + + Ac. 

2. If (1 + n) tan. a? = (1 — n) tan. (a? + a) 

.', a = » sin. 2 X + ■— sin. 4 a? + — - sin. 6 a: + &c. 
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3. lu any triangle, sin. C = -^ sin. (C -f B) ; 

a 

.•. C = — sin. B + — - sin. 2 B + -— , sin. 3 B + 

a 2a^ Sar 



(10). Log. €• ^^ 

= log. (1 + e« ^^) - log, (1 -f €-• V^) 

2 

o 

/. 0? = 2 f sin. 0? —- sin. 2 a? + — sin. 3 ii? — &c. J 



Again, 

1 + eW:=i "^14. e-«V:::i 

^ 2 — (€« '^^ + €-« '^^) + (fS * ^'^ + €-2* ^^) — &c. 
.'.1 = 2 (cos. n? — COS. 2x + COS. 3 a? — cos. 4 a? -f- &c.) 
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Again, 

1 1 (€- V=^ -,c— V=l) 



. («) 



By developing the left-hand side of tke 
equation (a) : — 

.•. tan. — = 2 (siiLd?— sui.2dP+Bin.3d; — •m.4a? + &c.) 

The following examples may be readily proved 
by putting -| j* for ^r in the above formulae. 

1. AT — 2 iT = 4{ COB. X sin. 2x cos. 3 a? + &c. ) 

\ 2 3 ^ 

2. 1 = 2 (sin. ar + cos. 2 a? — sin. 3 a? — cos. 4 ar + &c.) 

3. Sec.ar — tan.ars=2(cos.ar— Bin.2a:— C0B.3a?+8in.4a?— &c.) 
Pat, w — ap for ar, then, 

4. TT— a:=2(8in.a:+-— sin.2a?+-^sin.3a?+ — -flin.4ar+&e.] 

5. —1 = 2 (cos. a? -f- cos. 2 a? 4- cos. 3 ar -f cos. 4 ar + Ac.) 



6. Cot. — = 2 (sin. a? + sin. 2 a* + sin. 3 ar + sin. 4a? + &c.) 
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(11) . In any triangle a^ = 6^ + c^ — 2 fc c cos. A. 

Or, a* = 6» + c* - 6 c (e^ V=l + «-AV=n) 

.-. 2 log. y =:l0g.(l-|-€AV=T) +l0g. (l-y C-A.^l) 

OP, log. — = -r- COS.A+ ---C08.2A+ ---C0S.3 AH-&C. 
a 26' 36' 



EXAMPLES. 



1. When (; =s ft, or the triangle is isosceles ; 

(1 A ^ 1 1 

— cosec— l=:co9.A+-o"COs.2A+-o-cos.3A+&c. 

2. Take (in example 1) w — A for A; 

.*. log. f 2 COS. ~ ) =co8. A— -^cos.2 A+-^cps.3 A— Ac. 

(Todhunter's Trig., p. 247.) 

(12). In any triangle ^ = 5B^; 

^ fA^dl — g-A^'^ t-AV^ — £A\/^ 



• • 



c fO-v^— I — e-c\'-i "^ f— cV— 1 — ecV— i 
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.•. 2 log. -^ = l0g.(€-^^^^ — €-A^^=l)+log.(€-AV-l — cA-/^) 
— log. (€C V^ — €- C 7=1) -. log. (€- C V;n — C C v/=l) ; 



a 1 

or, log. — = (cos. 2 C — COS. 2 A) + -^(cos. 4 C — cos. 4 A) 
c 2 

+ ^ (cos. 6 C - COS. 6 A) + Ac. 



EXAMPLES. 



1. Log.-^ = 2 { sm.2 A - sin.* C + y (sin.' 2 A- sin.* 2C) 

4- 4" (s^-* 3 A- sin.* 3 C) + &c. I . 

2. When A = B, then, 

log. 2 COS. A = 2 I sin. 8 Asin. A 4- — sin. 6 A sin. 2 A 



1 . 



+ ~- sin. 9 A sin. 3 A -f &c. I 



mm 

8. When A = -—, then, 



log.(cosec.C)=2 Icos.^C — ];-Bin.^2C+-=^cosr3C-<&c.l . 

( 2 (i ' 
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(13). Let S = sin. (a + 2 ^) + sin. (a + 4 j*) 

+ sin. (a + 2 n .v) where (a) and (a') are 

any angles and (n) the number of terms taken. 

Since, cos. (a + ar) — cos. (a + 3 a?) = 2 sin, (a + 2 a?) sin. a? 

« 
and, COS. (a + 3a?) —cos. (a + 6 a?) = 2 sin. (a + 4ir)sin.ar 

„ cos. (o + 5 0?) — COS. (a + 7 a?) = 2 sin. (a + 6 a?) sin. x 



COS. (a •i-(2»-»l>r} ->co8. {a + (2ii •!• l>r} a2itn.(a + 2nx)8iii.ir. 

Add these equations together, then the first 
and last terms on the left-hand side remain* 
Therefore, 

Cos. (a + a?) — COS. {a + (2 w -f 1) a?} = 2 S sin. a? j 



COS. (fl 4- a?) — cos, (a 4- (2 » + 1) a?) 

or, S = -— : 

2 sin. a? 



-. BJP' (g 4- (» + 1) a?) sin, n a ? 
"^ sin. a? 



Examples which follow by taking various 
values for a and cT : — 



1. Sin.ar+Bin.2a?+Bin.3ar+to«terms= 



. n + \ . na 
sm. — -: — a? sm. — 
2 2 



sin. 



a? 



^ «. . « . - , . sin.- n a? 

2. Sin. a? + sm. 3 a? + sin. ox + ton terms = - — r 

sm. X 
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n+1 . nsp 
006.— -— jpsin.-— - 
2 2 

3. CoB.^ + co8.2:r+co8.3dr+tonieniiss 

. a? 
am.-— 
2 

4. Cos. (a + 2 or) + cos. (a + 4 or) + . . . • to n terms 

^ COS' {g + (« + 1) ^] BJP' ^ ^ 

sin. X 

^ ^ Bin. 2 no? 

o, Cos. 0? + COS. B X + COS. 5 ar + to n terms = -— : • 

2 sin. a: 

6. From 2 and 5. 

sin. J? + Bin. 3 a? + sin. 5 d? + to « terms 



Tan. n^ =; 



COS. a? + COS. 3 a? -f cos. 5 a? + to « terms 



(14).LetS=cosec..r+cosec.2.r+cosec.4^+.. 
to n terms : — 

Since^ cot. — — cot. x = cosec. x 

/• cot. X — cot. 2 a: =: cosec. 2 a? ; 
and, cot. 2 a? — cot. 4 ^ = cosec. 4 x ; 

and, cot. 4 a? — cot. 8 a? = cosec. 8 a? ; 



cot. 2"-- a? - cot. 2'*-* a? = cosec. (2*-^ a?) ; 



.-. S = cot. — - cot. 2«-^ a?. 
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EXAMPLES, 

1. From, tan. x = cot. d? — 2 cot. 2 a? ; 

8 = tan. a? + 2 tan. 2 a? -f . . . . 2"-^ tan. 2**-^ a 
where * = cot. a? — 2* cot. 2" a? 

« = — tan. tan. h • • • • —tan. -—- 

2 2 4 4 2" 2" 

where «^ = -- cot. cot. a:, 

2'» 2" 

"When n is infinite : — 

iL OS \ m 1 

/• -~tan. -^ + -r- tan. -—+.-. to infinity = — r- Cot. ^. 
2 2 4 4 ^ a? 

2. From, tan. (w+l)a?— tan.»a?=8in.a?3ec.7ia?sec.(n+l)a?; 

.*• sec.d?Bec. 2ir+sec.2a?sec. 3a?+ ... sec.«a:sec.(w + l)a? 

tan. (« + 1) a? — tan a? 

-— , — ^^ ^ 

sm. ^ 

(15). Let S = COS. X + -j-^ + YJ:^ +1 infinity- 
Since, 2 cos. a = e*V^ 4. €-*V=i ; 

. 2 g' COS. 2 X _ (a 6*^~0^ (gc-^^^y 
1.2 "^ 1.2 1.2 

2 a^ cos. S 0? (g? 6JrV=n)3 (g g - ^^/^)3 

1.2.3 ■" 1.2.3 "*" 1.2.3 ' 
&c. &c. &c, 
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Add these equations together, and obserre that — 

c» = 1 + y + -'- 1- — - — - + Ac. 

^ 1.2 1.2.3 

.•.2S + 2 = >''^) + c(-'-'^- 

SS £« (6(M. « -^ V^ lia. jr) ^ f « (cot. V V^ da. «) 
:=: £a COS. • ((^ da. « V— i -j- £^«da. * ^^li^ 

/. S + 1 = €••*•• COB. (a sin. a?). 

EXAMPLES. 



, . a«sin.2a?, ^ • /• -x- -«... • / • x 

1. asm.ar + — - — - — I- ... to innnity= e"***-' sin. (a sin, a?) . 

1. , Jt 



^ . a* sin. 2 a? , a» sin. 3 df ^ . « -x 
2. a sm. 0? — r 1 to infinity 



a sin. X 
= tan.~* 



1 + a cos. a? 
a sin or 



8, a sin. a? + a^ sin. 2 a? -f to infinity = - — r. 

1— 2acos.a?+a' 

4. a cos. or + a^ cos. 2 a? + to infinity 

2 \ 1 — 2 a COS. d? + a" / 



The examples 3 and 4 may be obtained more 
simply perhaps by the division of — 

iv- i ^^^ \ ^rr^zri » ^^d then adding, &c. 



USEFUL DEVELOPMENTS. 



X^ X^ 



1. Sin. ^ = ^ - ^-^-^ + j-^-^-^ - &c. 



2.Cos.. = l--^ + 3-^-&c. 



3. Log. (a + a;) = log. a + -J- - -^— + -^— - &c. 



. , , . , X* log. *a • «» log. 'a 
4. «• = 1 + « log. a + ^ + ° + Ac. 



:r* . 2ic* . 17 a?^ 



6. Tan. a? = a? + r-z + r-r, + 



1.3 3.5 3.5.7.9' 



« Q- -1 i ^^ 1.3^« 1.3.5 a?' 

6. Sin. * a? = 0? H h 4- &c 

^1.2.3^2.4.5^ 2.4.6.7 ^ 



;- ^ ., w os^ 1.3a:« 1.3.5ir» 

2 2.3 2.4.5 2.4.6.7 



o O 7 



9. 6=2. 7182818 -/ 2 = 1 . 4142135. 



10. v/ 3 = 1 . 7320508 ^ 5 = 2 . 2360679. 



